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Abstract 

We study the dynamics of finite-gap solutions in classical string theory on M x S*^. Each 
solution is characterised by a spectral curve, S, of genus g and a divisor, 7, of degree g 
on the curve. We present a complete reconstruction of the general solution and identify 
the corresponding moduli-space, as a real symplectic manifold of dimension 2g. The 

dynamics of the general solution is shown to be equivalent to a specific Hamiltonian integrable 
system with phase-space }A^^^\ The resulting description resembles the free motion of a rigid 
string on the Jacobian torus Interestingly, the canonically-normalised action variables 

of the integrable system are identified with certain filling fractions which play an important 
role in the context of the AdS/CFT correspondence. 
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Introduction 

The AdS/CFT correspondence continues to inspire progress both in gauge theory and in 
string theory. A particularly exciting recent development is the emergence of integrability 
in classical string theory on AdS^ x 5*^ p. Specifically, the classical equations of motion of 
the string can be reformulated as the zero- curvature condition for a Lax connection which 
immediately leads to the existence of an infinite tower of conserved quantities. A similar Lax 
representation exists for classical string theory on a large family of backgrounds including 
symmetric spaces, group manifolds and various supersymmetric generalisations^. 

In concrete terms, the Lax representation allows one to obtain a very large class of 
explicit solutions of the classical string equations known as finite-gap solutions. Each of 
these solutions is characterised by an auxiliary Riemann surface S known as the spectral 
curve. Solutions are naturally classified by the genus g of T, or, equivalently, by the number 
K = g + 1 of gaps or forbidden zones in the spectrum of the Lax operator. We will refer 
to configurations of fixed K as -ft'-gap solutions. As we discuss below, it is plausible that 
arbitrary classical motions of the string can be obtained from an appropriate K ^ oo limit 
of the i^'-gap solutions. Moreover, these solutions yield a description of the phase-space 
of the string analogous to that provided by the mode expansion in fiat-space string theory 



In this paper we will present a detailed study of the dynamics of finite-gap solutions in 
integrable classical string theory. Following |2] (see also [H]), we will focus on the case of 
bosonic string theory on M x S*^. At the classical level, this is a consistent truncation of the 
full string theory on AdS^ x S^. In particular the solutions we study correspond to strings 
located at the centre of AdS^ moving on an submanifold of (see jHj and references 
therein). The methods we use should apply equally to other cases where the string equations 
have a Lax representation including the full Metsaev-Tseytlin action ^U] for AdS^ x S^. 

Our first result is an explicit reconstruction of the most general i^-gap solution^. In 
particular, we identify the independent degrees of freedom of the solution and construct 
the corresponding moduli-space as a real symplectic manifold of dimension 2g = 

2K — 2. We find that the time evolution of the string admits a Hamiltonian description as 

^Of course these spaces yield consistent backgrounds for first-quantised string theory only in very special 
cases such as that of AdS^ x 

^Similar solutions were obtained by a different method in piTT]. 
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an integrable system with this moduh space as its phase space. In fact the resulting integrable 
system is one of a large class of models constructed by Krichever and Phong As in other 
examples, the finite-dimensional phase-space takes the form of a Jacobian fibration over the 
moduli-space of the spectral curve S. At generic points, the resulting system corresponds 
to the free motion of an infinitely rigid, wound string on a flat torus of dimension K. A 
similar picture emerged for the case < 3 in This construction naturally provides 

a set of action-angle variables for the string. By definition the angle variables are the fiat 
coordinates on the Liouville torus normalised to have period 27r. Interestingly, the conjugate 
action variables turn out to be exactly equal to certain filling fractions j21 IHj which also play 
a key role in the context of AdS/CFT duality. Action-angle variables for pulsating string 
solutions were also discussed in [T2]. In the rest of this introductory section we provide a 
brief overview of our main results. Full details of the calculations described are presented in 
the body of the paper. 

0.1 The model 

We consider a classical bosonic string moving on Mx S''^. The string carries conserved Noether 
charges, Ql and Qr corresponding to the S0{4) ~ SU{2)l x SU{2)r isometry group of 5"^. 
In a conformal, static gauge the string is effectively described by a single worldsheet field 
g{o-,T) G SU{2) ~ S"^ obeying the closed string boundary condition g{a + 27r, r) = g{a,T). 
Equivalently, we can describe the dynamics in terms of the SU{2)ii current j = —g^^dg 
which obeys the equations. 



Physically-allowed classical motions of the string must also obey the Virasoro constraint. 



where j± are the components of the current j in worldsheet lightcone coordinates and k is 
a constant related to the spacetime energy of the string. It will sometimes be convenient 
to work with a complexified version of the model, defined by the same equations, where the 
components of the current j take values in the Lie algebra sl(2, C). Solutions to the original 
problem are then obtained by applying appropriate reality conditions. In the following, we 
will refer to classical solutions in these two models as real solutions and complex solutions 
respectively. 

A starting point for demonstrating the integrability of the model is the fact that the 
equations of motion (jO.lll are equivalent to the flatness condition for a one-parameter family 
of conserved su(2) currents. 



dj - J A J = 0, d * J = 0. 



(0.1) 



J. -2 2 

-trj± = -K 



(0.2) 




(0.3) 
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Here a; G C is a complex spectral parameter. Using these flat currents, we can construct a 
monodromy matrix, 

n{x,a,T) = Pe^ [ J{x) G SU{2) (0.4) 

where 7(0", r) is a non-contractible loop on the string worldsheet based at the point (ex, r). 
An immediate consequence of the flatness of the currents ()0.3|) . is that VL{x) undergoes 
isospectral evolution in the world-sheet coordinates. In other words the eigenvalues of the 
monodromy matrix are independent of a and r. As Vt takes values in SU{2), it is convenient 
to parametrise the eigenvalues as, 

X± = exp {±ip{x)) . 

Here p{x) is a (multi-valued) function of the spectral parameter which is known as the quasi- 
momentum which yields a one-parameter family of conserved quantities on the worldsheet. 

It is a remarkable fact, familiar from the study of other integrable PDEs I23j. that 
solutions to the string equations of motion (jO.H) are uniquely characterised by the analytic 
behaviour of their monodromy matrix and its eigenvalues in the spectral parameter. In 
particular the two eigenvalues, A±, naturally correspond to the two branches of an analytic 
function defined on a double-cover of the complex x-plane. In general, the two sheets are 
joined by an arbitrary number of branch cuts C/. As the quasi-momentum appears in the 
exponent, it can have discontinuities across the branch cuts of the form, 

p{x + e) + p{x — e) = 2?™/, a; G Cj, G Z, I = 1, . . . , K. (0.5) 

More abstractly, the resulting double-cover of the x-plane defines a Riemann surface S, 
known as the spectral curve, on which dp is a meromorphic differential. The integers n/ 
then correspond to certain periods of the differential dp. 

Solutions with a finite number of cuts are known as finite-gap solutions. More specifically 
we will consider i^'-gap solutions with K cuts where the corresponding spectral curve, S, 
has genus g = K — 1. Roughly speaking, the size of each cut provides a single continuous 
parameter of the solution. An important special case occurs when all K cuts shrink to zero 
size. The resulting solution describes a massless point-like string orbiting a great circle on 

at the speed of light. Re-introducing cuts of infinitesimal size corresponds to studying 
linearised oscillations around this point-like solution More precisely, the resulting solution 
is a linear superposition of K eigenmodes of the small fluctuation operator. The amplitude 
of each mode is set by the size of the corresponding cut C/ while the corresponding mode 
number is the integer rij appearing in ()0.5p . In fact, allowing arbitrary K, the finite-gap 
solutions reproduce the full space of linear fluctuations around the point-like string [T3] . For 
cuts of finite size, one obtains instead a family of fully non-linear solutions with the same 
number of parameters. This suggests that the finite-gap solutions are essentially a complete 
set of solutions of the equations of motion. 
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0.2 The moduli space of solutions 



As mentioned above, finite-gap solutions are determined by the analytic properties of the 
corresponding monodromy matrix in the complex parameter x. In particular, the spectral 
curve determines the spectrum of conserved quantities for a given solution. On general 
grounds, for each conserved quantity, we also expect to find a canonically conjugate variable 
which evolves linearly in time. The extra information needed to specify a particular solution 
are the initial values of these variables. 

In the following we will identify the holomorphic data which uniquely characterise the 
general finite-gap solution of ()0.1|) and ()0.2|) . To simplify the problem we will focus on 
'highest-weight' solutions where the Noether charges Ql and Qr are chosen to point in a 
fixed direction in the internal space, 

Qr = ^ R(^3, Ql = Lcr-i 

where = diag(l, —1) it the third Pauli matrix. This choice is preserved by the corre- 
sponding Cartan subgroup of the isometry group denoted U{1)l x f^(l)_R- The remaining 
generators of the isometry group rotate Ql and Qr and sweep out the full set of solutions. 

For fixed values of the constants L and R, the full set of data which characterise a 
highest-weight solution is, 

{S, rfp, 7,^}. (0.6) 

Starting from an arbitrary hyperelliptic Riemann surface E and meromorphic differential 
dp, a set of necessary and sufficient conditions for the pair (E, dp) to correspond to a finite- 
gap solution was given in [^j. The new ingredients are a divisor 7 of degree g on the 
spectral curve E and a complex "angle" 6 with W = exp{i6) G C*. We find that any 
finite-gap solution gives rise to a unique data set. Conversely, given the data ()0.6|1 . we can 
reconstruct a unique s[(2, C) current j(cr, r) which obeys (jO.lj) and ()().2j) and satisfies closed- 
string boundary conditions^. Explicit formulae for the resulting solution are given in ()4.25|1 . 
To obtain real solutions we must impose appropriate reality conditions on the data which 
are described in sections 13.31 and 14.51 We also discuss the reconstruction of the original 
world-sheet field (7(0", r) G SU{2). 

To make the correspondence between data and solutions described above precise, we 
define a moduli space A^c of holomorphic data where each point corresponds to a distinct 
complex finite-gap solution. We will show that the reconstructed solution described above 
defines an injective map, 

g-.Mc^Sc (0.7) 

•^More precisely the solutions we construct satisfy all of the Virasoro constraints except the single condition 
that the total worldsheet momentum should vanish. At this stage there is also a residual redundancy corre- 
sponding to rigid translations of the spatial world-sheet coordinate a. As discussed below, the momentum 
constraint is imposed at the end of the calculation. 



4 



where the target, Sq, is the space of complex solutions. 

The moduli space Adc takes the form of a product M.^^^ x C* where the C* factor is 
parametrised by 9 introduced above. The remaining factor which we call the reduced 

moduli space is a complex manifold of dimension 2g. We will obtain an explicit description 
of the reduced moduli space as a special case of a very general construction due to Krichever 
and Phong The resulting space is defined as a fibration, 

J(S) ^ TWg^^ ^ C. (0.8) 

The base C of the fibration is the moduli space of admissible pairs (S, dp) with fixed Noether 
charges L and R and the fibre is the Jacobian torus, 

J(S) = CV(27rZ^ + 27rnZ5), 

where is the period matrix of S. Following the base C can be defined very precisely 
as a leaf in a certain smooth (7- dimensional foliation of the universal moduli space of all 
Riemann surfaces of genus g = K — 1. 

The construction of Krichever and Phong also provides a good set of holomorphic coor- 
dinates on A^c^"*. To define these coordinates, we introduce the standard basis of one-cycles 
on S with canonical intersections, 

Oj n flj = bid bj = 0, n bj = Sij. 

for z = 1, . . . , (yf. We also define the dual basis of holomorphic differentials cUj, normalised as. 

With a convenient choice of normalisation, holomorphic coordinates on the leaf C are given 
as, 

1 \^ f f 1' 



ioT i = 1, . . . , g. As we discuss in Section these integrals are essentially the filling 
fractions defined in [21 Ej- The divisor 7 = 71 ... 7^ provides coordinates 6 = {61, ... ,6g) on 
the fibre via the Abel map. 



e = 27T22 w + 6*0 



(0.10) 



where € O is a constant vector''. Together {Si, 6i} define a set of holomorphic coordinates 
on the total space of the fibration ()0.8|1 and hence {Si, 6i, 6} are holomorphic coordinates on 
the moduli space A4c- 

"'The precise value of Oq is fixed in section see eqn (I4.43|) 'l to ensure that the coordinates di real when 
the approriate reality conditions are imposed on the corresponding divisor 7. 
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The reconstruction of explicit solutions reveals a remarkable feature which is a recurrent 
theme in the theory of integrable systems. The evolution of the solutions in the world- 
sheet coordinates can be described very simply by promoting the holomorphic data (i.e. the 
coordinates on A^c) to dynamical variables depending on a and r. The resulting evolution 
of the data corresponds to linear motion on the fibre (and on C*) over a fixed point on 
the base C In terms of the angular coordinates 9i introduced above, the evolution is, 

ei{a,T) = ei{Q,Q)-kia-WiT (0.11) 

where the constant angular velocities are given as, 

^TT Ji,^ Its: J^^ 

Here dp is the differential of the quasi-momentum introduced above. Correspondingly, dq 
is the differential of the quasi-energy which is defined in section |3] below. The 6-periods ki 
of dp are related to the constant mode numbers rij appearing in (jO.Sj) as ki = rii — rix for 
i = 1, . . . , g. In contrast, the 6-periods Wi of dq are non-trivial functions of the moduli Si. 

The solution also involves the following linear motion of the additional coordinate 6, 

e = - k-ga - w-qT (0.12) 

As for the other coordinates, the constant angular velocities kg and ujq are expressed as 
periods of the differentials dp and dq respectively. 




where the one-cycle Bg+i is defined in the text and kg is equal to the mode number hk- 

With an appropriate choice for the constant 0^ appearing in (jO.lOj) . we find that the 
condition for real solutions simply corresponds to restricting the coordinates {5*4,^4,^} on 
M.C to real values. We denote the corresponding real slice of the moduli space as = 
J^^^^ X S^. In particular, the resulting real coordinates 6i and 9 are angular variables 
with period 2tt. The angle ^ is a coordinate describing the orientation of the string in the 
unbroken global symmetry group f/(l)j?, while the remaining angles correspond to internal 
degrees of freedom of the string. Together, the variables di and 6 parametrise a real torus 
T^"*"^ C J(S) X C* and the linear evolution ()0.1H) ()0.12p can be understood as the free 
motion of a rigid string on this torus. The string is wound around a cycle on T^+^ which is 
determined by the mode numbers rij and moves on the torus with constant angular velocity. 

0.3 The integrable system 

So far we have discussed the reduced moduli space as a complex manifold without 

additional structure. However, the construction of Krichever and Phong also provides a 
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globally-defined holomorphic, non-degenerate closed two-form with which becomes 
a complex symplectic manifold. Similarly the real slice A^^^"* becomes a real, symplectic 
manifold. In the coordinates {Si, 9i} introduced above, the real symplectic form is, 

9 

i02g= Y^SSiASe, (0.13) 

1=1 

Here 6 denotes the exterior derivative on the moduli space. Together A^^^'' and uj2g define a 
Hamiltonian integrable system having g Poisson-commuting conserved quantities {Si}. The 
conjugate angle variables {6i} evolve linearly under the flows generated by these Hamil- 
tonians. We will now show that this integrable system provides an effective Hamiltonian 
description of the dynamics of the string. 



The gauge-fixed string action implies a non-trivial set of Poisson brackets for the current 
components jo{a,T) and ji(cr, r) (see equations ()1.10|) below). Using these brackets, trans- 
lations of the world-sheet coordinates a and r are generated by the momentum and energy 
of the 2d principal chiral model defined as 



respectively^. As we have already accounted for all the moduli of the solution, we should 
think of V and S as functions on the space of solutions. Further, as these quantities are 
manifestly conserved, they correspond to well-defined functions on the base C of the fibration 
()().8j) . We now define corresponding Hamiltonian functions, 

=V[Si,...,SJ 

Hr = S[Sl, . . . , Sg] 

for the integrable system defined by the manifold Ai^^'' equipped with the symplectic form 
uj2g given in ()0.13|) above. Our main result is that the linear flow on Ai^^^ generated by H„ 
and Hr, with parameters a and r is precisely the same as the linear evolution (jO.llj) defined 
by the finite-gap solution. 

It is striking that the Hamiltonians ()().14|1 reproduce the correct evolution precisely when 
they act on the holomorphic data with the Poisson brackets defined by the natural symplectic 
form u!2g defined in ^^l- Of course, imposing the correct evolution under two Hamiltonians 

^Ultimately, the Virasoro constraints H0.2|l imply that V — Q. As mentioned above, we will delay imposing 
this final constraint until the end of the calculation. 
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does not uniquely fix the symplectic form and it would be preferable to derive the symplectic 
structure on the moduli space of finite-gap solutions directly from the string action. In 
a forthcoming paper [ijj we will show that the symplectic form uj2g on A^^^^ is indeed 
a consequence of the Poisson brackets implied by the string action. The latter define a 
symplectic form uooo on the full infinite-dimensional phase space of the string. The form uj2g 
then arises naturally when ojoo is restricted to the space of -ft'-gap solutions. Similar results 
exist for several other integrable non-linear PDEs including the equations of the KP and KdV 
hierarchies and the Toda equations pHlESEj- The present example is more complicated 
as the infinite-dimensional symplectic structure is non-ultra local, leading to ambiguities in 
the brackets of the monodromy matrices which require regularisation. This problem was 
addressed in a series of papers by Maillet JHl- In QZI we will show that the symmetric 
regularisation prescription advocated in these papers, when applied to the present model, 
leads directly to the symplectic form defined in ()0.13|) above. 

Another striking feature is that the correctly-normalised^ action variables of the inte- 
grable system are the filling fractions defined in above. In a leading-order semiclassical 
quantisation of the integrable system, the Bohr- Sommerf eld condition dictates that these 
action variables are quantised in integer units. As mentioned above, the i^-gap solutions 
discussed here correspond to motions of a classical string on an M x submanifold of 
AdS^ X S^. A leading-order semiclassical quantisation of these solutions, valid for A ^ 1, 
would also involve applying the Bohr-Sommerfeld quantisation condition on periodic orbits 
of the string CBI- This should coincide with the semiclassical quantisation of the integrable 
system described above'' and therefore lead to a discrete spectrum of string states where the 
filling fractions are quantised in integer units. This would be very natural in the context of 
the AdS / CFT correspondence where the filling fractions correspond to the number of Bethe 
roots of each mode number in the dual spin chain description. 

As it stands the Hamiltonian description of the dynamics of the data given above is not 
quite complete. In particular, we have only discussed the (a, r)-evolution of the data on 
the reduced moduli space A4^^^ and not on the full moduli space A4r. The difference is 
the additional parametrised by the angle 6 whose linear evolution is given in ()().12|1 . As 
mentioned above, the evolution of 6 corresponds to a global f/(l)/j rotation of the string 
with constant angular velocity. As in the study of rotating rigid bodies, we can remove 
this motion by working in an appropriate reference frame which rotates with the string. 
As we discuss in subsection 14. 8| the motion on the reduced moduli space Ai^^^ naturally 
corresponds to the motion of the string in this rotating frame. 

^By this we mean that the canonicaUy conjugate angle variables are normalised to have period 27r. 

^Note that the familiar sum over the zero point energies of small fluctuations around a classical solution 
appears at the next order in the semiclassical expansion. Obviously this includes fluctuations of the target 
space coordinates outside the R x 5*^ submanifold and would not be captured by a quantisation of the 
integrable system proposed here. 
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1 The fj-model on M x 



The action for a string on R x 5"^ in conformal gauge reads 

-5 = ^ y dadr J2 daXi&'Xi - d^X^d^X^ + A - 1 

where Xq is the time coordinate, Xj are Cartesian coordinates on and A is a Lagrange 
multipher constraining the string to the unit sphere 5*^ C M'^. In terms of worldsheet 
hghtcone coordinates 



(1.1) 



the equations of motion derived from this action read 

d+d_Xi + d+Xjd_X^ Xi = 0, d+d_Xo = 0, 

which must be supplemented by the Virasoro constraints 

J2id±Xif = {d^Xof. 

i 

The equation for Xq being decoupled from the other fields it can be solved separately and 
has the general solution Xq = ht + /+(a"'") + f_{a~). Using the residual gauge symmetry 
(T^ —>■ F±{a'^) one can gauge away f±, leaving Xq = kt. The Virasoro constraint becomes 

Y,{d^x,f = 



In this gauge the spacetime energy of the string is given as, 



27r 



da drXn = VXk, 



and we therefore identify the constant k, as A/y/X. 



1.1 SU{2) principal chiral model 

Since the sphere is the group SU{2), the cr-model in question can be reformulated as an 
SU (2) principal chiral model for a field g taking values in SU (2) by defining 
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In terms of the current'^ j = —g ^dg, the action may be rewritten as follows 



S 



An 



itr(j A*j) + dXo A *dXo 



;i.3) 



The current j is identically flat from its definition and the equations of motion are equivalent 
to its conservation 

dj-jAj = 0, d*j=0. (1.4) 

In static gauge, Xq = kt, the conserved Noether charges associated with translations of 
the world-sheet coordinates a and r are V and £ — 12 where, 

P.__y^ "-'-to.! ^^^^ 

are the two-dimensional momentum and energy of the principal chiral model respectively. 

In terms of the lightcone components j± = Joiji of the current j, the Virasoro constraints 
read, 

^trji = -k'. (1.6) 

For later convenience, it will be useful to split these constraints into two parts. The first set 
of constraints read, 

^trji = -4. (1.7) 

where, for the moment, k± are undetermined constants. The world-sheet momentum and 
energy defined above then become. 

The remaining content of the Virasoro constraint ()1.6p is the vanishing of the total momen- 
tum V = which implies and the string mass-shell condition, 

S = —K^ = ^—. 1.9 
2 2VA ^ ^ 



®Note the sign difference in the definition of j with j2|. The choice of sign here is to agree with the 
hterature on algebro-geometric methods and finite-g ap integration [13 EOl EH ESI • 
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It will also be useful to consider the Hamiltonian description of string dynamics in static 
gauge. The string action ()1.3|) leads to a set of non-trivial equal-r Poisson brackets for the 
current components, jo(o") and ji((T). Writing the currents as jo = jot"', ji = jit"" in terms 
of SU{2) generators satisfying, 

= r^'^f, tr(n'') = 

the Poisson brackets are given as, 

{jTM,JiV)} = o, 

^ {Jo(^), Jo(0} = -r'roimcj - a'). 

The resulting symplectic structure is non-ultra-local reflecting the presence of the term pro- 
portional to S' {a — a') in the second bracket. This term leads to some ambiguities in the 
Poisson brackets of the monodromy matrix of the model. However, the brackets lead (un- 
ambiguously) to a Hamiltonian version of the equations of motion ()1.4|) which read, 

d.j = {V,j}, d^j = {£,j} (1.11) 

where V and S are the world-sheet momentum and energy defined above. We will not make 
any further use of these Poisson brackets in this paper other than to note the fact that 
the a and r evolution of the current j are generated by V and S respectively. A more 
complete discussion of the Hamiltonian formalism for this model including the issues raised 
by non-ultra- locality will appear in a forthcoming paper |17j . 

1.2 Symmetries 

The action p.Hj) has a global SU{2)l x SU{2)r symmetry 

g UlqUr, 

where Ul and Ur are constant matrices. The Noether current corresponding to SU{2)ii 
is the current j = —g~^dg introduced above whereas the Noether current for the SU{2)l 
symmetry is / = —dgg~^ = gjg^^. The corresponding Noether charges are 

SU{2)n : Qn = ^ [*j = -^ dajo, 



47r An jq 



4vr L An Jq 



11 



71 



Figure 1: Conservation of Qf> and Q^. 



where 7 is any curve winding once around the world-sheet, expressing the conservation of 
these Noether charges (see Figure H]), e.g. 



Notice that the SU{2)^ current j which appears in the action ()1.3|) is invariant under the 
action of SU{2) l. On the other hand the SU (2)r symmetry acts non-trivially on the current 

as 



2 Classical integrability 

The equations p.4|) of the SU{2) principal chiral model can be reformulated as a 1-parameter 
family of zero-curvature equations which is one of the most general representations known 
to give rise to classical integrable systems and constitutes the starting point for constructing 
solutions by algebro-geometric methods [ini EOl ED EBj • 

2.1 Lax connection and Monodromy 

We search for the 1-parameter family of fiat currents in the form J{x) = a{x)j + (3{x) * j. 
Using ()1.4|) we find dJ{x) — J{x) A J{x) = — — a{x) — /3{x)'^)j Aj so that J{x) is fiat 
provided a{xY — a{x) — [3{xY = which is solved by a{x) = jz^, l3{x) = jz^- Therefore 




(1.12) 



J{x) 



1 



-(j - x*j), 



(2.1) 



1 — X 



12 




7(<T,T 



Figure 2: {a, r)-evolution of the monodromy matrix Q{x, a, r). 



or in components J{x) = JqcIt + Jida (with the convention eoi = 1, = ^ufij'^) 



Jo{x,a, T) 



2 \l-x 1+x 
1 f J+ J- 



Ji(x,a,r) 

2 \1 — X 1 + x 

By construction, the equation 

dJ{x, a, t) - J{x, a, r) A J{x, cr, r) = (2.2) 

holds identically in x and is equivalent to the pair of equations in ()1.4|) . Given such a family 
of flat connections J{x, a, r) on the world-sheet it is natural to consider the corresponding 
parallel transporters along any given curve 7. By virtue of the flatness condition ()2.2j) the 
non-Abelian version of Stokes's theorem implies that for any simply connected domain D 
(so that dD is a single closed curve) one has 



Pexp < / J(x, 0", r) 

\.JdD 



1. 



(2.3) 



It follows that the parallel transporter along any given curve 7 will only depend on the 
homotopy class [7] of 7 with fixed end points. Of particular interest is the monodromy 
matrix defined as the parallel transporter along a closed loop 7(0", r) bound at (a, r) and 
winding once around the world-sheet 



fi(x, cr, r) = Pexp / J(x, o", r) = Pexp / da'- ' ^ ' ) 

'[7(a,r)] 



1 — X 



1 + X 



(2.4) 



Equation ()2.3j) implies that monodromy matrices based at different points {a, r) and {a', r') 
are related by conjugation (see Figure Ej) 



il{x,a',T') = Uil{x,a,T)U ^, with U = Pexp / J{x,a,T), 
where 7 is any curve connecting the two points (cr, r) and (a', r') in question. 



(2.5) 
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2.2 Analyticity 



Since the dependence of Q{x, a, r) on [a, r) is governed by 

[d- J{x,a,T),Q{x,a,r)]=0, (2.6) 

it follows from Poincare's theorem on holomorphic differential equations that Q{x, a, r) is 
holomorphic in x except at the singular points x = ±1 of the Lax connection J{x, a, r) where 
it has essential singularities. Also, since trj-t = it follows that the monodromy matrix is 
unimodular, i.e. det fl{x, a, r) = 1. So at generic values of x where it can be diagonalised it 
takes on the following diagonal form 

u{x, a, t)Q{x, a, t)u{x, a, r)-^ = diag (e^P(^), e-*^^^')) , (2.7) 

where the quasi-momentum p{x) has simple poles at a; = ±1. But even though Q{x, a, r) is 
meromorphic in x G CP^ \{x = ±1}, the quasi-momentum p{x) is only well defined on the 
x-plane with branch cuts [313] since going around a simple zero of A(x) = (e*^^^^ — e~*^^^^) 
is easily seen to interchange e*^'-^-' with e~*^*^^^ 

The asymptotic behaviour of the monodromy matrix near x = ±1 follows directly from 

dH 



il{x, a, t) = Pexp / da' 

J a 



0{{xTlf) 



as X — > ±1 



2 x^l 

It is diagonalised to leading order in (x =F 1) by the eigenvectors of j± using the relation 
u{a, T)j±{a, T)u{a, t)~^ = mas, where as = diag(l, —1) is the third Pauh matrix. Subleading 
orders are diagonalised by adding to u{a, r) higher orders in (x =F 1) to obtain a matrix 
m(x, a, t) = u{a, r) + 0(x =F 1) analytic in x such that 



m(x, 0", r)n(x, cr, r)u(x, 0", r) = exp 



tlTK 



-as + 0{{xTlT) 



as X ±1. 



X =F 

In the definition ()2.7|) of the quasi-momentum p{x) there is an ambiguity coming from the 
freedom of swapping the two sheets. We fix this ambiguity by choosing the asymptotic 
behaviour of p(x) at x = ±1 to be 

p(x) = ^ + 0((xTl)°), asx^il. (2.8) 

X =p 1 

The other possible choice for the asymptotics of the quasi-momentum near x = ±1 would 
be to take opposite relative signs for the pole terms at x = 1 and x = — 1, namely to replace 
p{x) by the function q{x) with the following asymptotics 

q(x) = ^^^ + 0((xTlf), asx^il. (2.9) 
X =F 1 

This function will play an important role in the analysis with ()2.8|1 as quasi-momentum and 
so we will refer to it as the quasi- energy. 
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2.3 Asymptotics 



The asymptotic expansion of the connection ()2.1|) at x = oo 



J{x) = -*j + o(^), 
X \^ J 



(2.10) 



leads to the following asymptotic expansion of the monodromy matrix at x = oo 



cr, r) = Pexp 



1 



1 + - 




oo 



(2.11) 



Since the Noether charges Qr and Ql are conserved classically, we may fix them to lie in a 
particular direction of su(2) and take them for example to be proportional to the third Pauli 
matrix = diag(l, —1) 



where R and L are constants of the motion. By restricting the Noether charges in this way 
we will only obtain the restricted set of 'highest weight' solutions to the equations of motion, 
but all other solutions can be obtained from these by applying a combination of SU{2)r and 
SU{2)l to such a 'highest weight' solution. With this restriction the asymptotic expansion 
of the monodromy matrix at x = oo reduces to 



We have the freedom of choosing the branch of the logarithm in the definition of the quasi- 
momentum and we do so such that p{x) ~ 0(l/x) as x — oo, in other words 



Qr = —Ras, Ql = —La3, R,LeR+. 




oo. 



(2.12) 




oo. 



(2.13) 



The asymptotics of the connection at x = is J(x) = j — x*j + (x^), so that 



d — J(x) = d — j + x*j + (x^) , 

= g^'^ {d + x*l + (x^)) g 
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where / = —dgg ^ = gjg ^. Now because the field (7(0", r) is periodic in a it follows that the 
asymptotic expansion of the monodromy matrix near a; = is given by 



g{a,T)Q,{x,a,T)g ^ (a, r) = Pexp | / — x * Z + O (s^) | , 

/■(T+27r 

= 1 + X da'lo + O (a;^) , as s ^ 

J a 



:2.i4) 



= 1 — X — -j=^ — h O (x^) , as a; ^ 0. 
V A 

= 1 + x—j^as + O [x ) , as X — > 0, 

which implies the following asymptotic expansion of the quasi-momentum at x = 

2'kL 

p{x) = 271171 + + ^ (^^) ' as X — > 0, (2.15) 

where m G Z. The integer m corresponds to the winding number of the string around 
an equator of S"^. Although 7ii{S^) = 0, a non-trivial winding number emerges when we 
restrict our attention to highest weight solutions as described in the previous subsection. 
For convenience we will focus on the sector with m = 0, which includes the pointlike string 
solution. Our results can easily be generalised to the other sectors. 



2.4 Reality conditions 

The monodromy matrix also satisfies a reality condition coming from the property = —j± 
of the matrices j± G su(2), namely 

n{x, a, = n{x, a, t)-\ (2.16) 

so in particular, for x G M we have Q{x,a,r) G SU{2). Since the eigenvalues of f2(x, cr, r) 
are 

|gip(x)^g-ip(x)| follows that for X G M in the cut plane, where p(x) is well defined, 
we have p{x) G M. Using ()2.16|) the eigenvalues {e*^*-^\ e~*^*-^^} of f2(x,cr, r) can be also 
written as {e*^^"^'-*, e"*^*^^-*}, but by the previous argument p{x) = p{x) when x G M in the 
cut plane and so by continuity e*^*-^^ = e^^^^^ for all x in the cut plane. In other words 
p{x) = p{x) + 27ik, A; G Z, but then p{x) = p{x) + 2'Kk = p{x) + ink so that k = 0. Hence 
for all X where p{x) is defined it satisfies the reality condition 

p(x) = p(x). (2-17) 

Thus, in particular, p(x) is real on the real axis. 
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2.5 Gauge redundancy 



The zero-curvature equation ()2.2|) is invariant under gauge transformations 

J{x,a,T) ^ gJ{x,(r,T)g'^ + dgg~^, (2.18) 

where g = g{a, r) is periodic in a and under which Q{x, a, r) g^{x, a, T)g^^. The gauge 
transformation parameter g must be independent of x so as to preserve the analytical prop- 
erties in X of the connection J{x, a, r) and of fl{x, a, r) (and thus of the spectral curve, 
introduced in section E)). Preserving also the reality condition ()2.16|) on Q{x,a,T) coming 
from jl_ = —j± leads to the further restriction g{a,T) G SU{2). By equation ()2.12|) the 
matrix of eigenvectors u~^{x, a, r) of fl{x, a, r) introduced in ()2.7|) is diagonal above x = oo, 

u~^(x,a,T) = 1 + O ( —] as X — >■ oo, 
\xj 

and in order to preserve this condition one has to further restrict g{cr,T) G SU{2) to be 
diagonal. In other words, the level set Qr = ^-Ro"3 is preserved only by a residual f/(l)R 
action of the full SU{2)ji gauge group. 



3 The spectral curve 

Monodromy matrices at different points {a, r) are related by similarity transformations ()2.5p 
and so the eigenvalues {e*^*-^-', e"*^*-^-*} of ^l{x, a, r) are independent of (a, r). This motivates 
the definition of an invariant curve in as the characteristic equation of Q{x, a, r), namely 

T: r{x,y) = det{yl-Q{x,a,T)) = 0, (3.1) 

which is independent of (cr, r). In the present case F is represented as a 2-sheeted ramified 
cover of the x-plane and as such it has a natural hyperelliptic holomorphic involution which 
exchanges the two sheets 

a:T^T,{x,y)^ix,y-'). (3.2) 
3.1 The algebraic curve 

The problem with the curve in ()3.1|) is that it doesn't define an algebraic curve in since the 
eigenvalues ^e'^P^^\ e~^'''^^^} have essential singularities at x = ±1; so in particular the curve 
r has infinitely many singular points {xk} at which the two sheets meet e'^^^^''^ = 6"*^'-^'=^ 
and which accumulate at x = ±1 (since the function e^*^*^^^ must take the value 1 infinitely 
many times in any neighbourhood of x = ±1). This can however be remedied |3] by defining 
a new matrix L(x, a, r) from Q{x, a, r) 

d 

u{x, a, t)L(x, a, t)u{x, cr, r)^-^ = — i— log (^(x, cr, r)i7(x, cr, t)u{x, a, t)^^) , 
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Figure 3: The cycle Ai and path Bj for the cut Cj. 

which has the same eigenvectors as fl{x, a, r) but the corresponding eigenvalues {p'{x), ~p'{x)} 
are meromorphic in x with only double poles at x = ±1. Using this new matrix L{x,a,T) 
we can now define an algebraic curve in by 

S: E{x,y) = det{yl-L{x,a,T)) =0. (3.3) 

A complete discussion of the properties of this algebraic curve for strings on M x S*^ can be 
found in [B] and those of the full algebraic curve for superstrings on AdS^ x in jlj; see 
also ISIIZIEI- We show in Appendix El that by performing a birational transformation on the 
variable y to remove the (finitely many) singular points it can be turned into the following 
hyperelliptic form 

K 

E:y^ = l[{x-ui)ix-vj), (3.4) 
1=1 

where K is the number of branch cuts Cj which connect the branch points uj, vj,I = 1, . . . ,K. 
A solution for which the corresponding curve has finitely many branch points and hence fi- 
nite genus g = K — 1 is called a finite-gap solution. Let vr : S — >• CP^ denote the hyperelliptic 
projection of S onto the x-plane. We shall refer to the sheet of this double cover correspond- 
ing to p{x) as the physical sheet, and for any value x E CP^ we shall denote the pair of 
points in 7r~^{x) as x^ (related to each other by x^ = (t(x^)), with x^ being the point on 
the physical sheet. 

For each cut Cj we define a cycle Aj encircling the cut on the physical sheet and a path 
Bi joining the points x = oo on both sheets through the cut Cj as shown in Figure El Let us 
also define a basis {ai, 6j}f=i for the first homology group Hi{T,, M) of the curve S by setting 
for example a^ = Ai and hi = Bi — Bg^i. This basis has the following canonical intersection 
matrix 

ttj n aj = bif] bj = 0, ttj n bj = 6ij. 

Define also the dual basis {uJi}f^i of holomorphic differentials on E normalised such that 
LOj = 6ij. The matrix of 6-periods of these holomorphic differentials defines a symmetric 
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matrix with positive imaginary part called the period matrix 11 of the Riemann surface S 

Uij = / Uj. (3.5) 



Using this data of S one can define an important object associated with any Riemann surface 
known as the Jacobian variety and defined as the following (/-dimensional complex torus 

J(S) = CV(27rZ» + 2nUZ3). 

Now since by definition p{x) is single valued on the cut x-plane it follows that the ^-periods 
of dp must vanish, and using Q{x) ^x^oo 1 from 1)2.111) we find that the S-periods of dp take 
values in 27rZ 



dp = 0, / dp = 27rn/, rij G Z. (3.6) 
Ai Jbi 

The integers nj appearing in the Bj periods are precisely the mode numbers introduced 
in ()U.5|) above. A normalised (i.e. vanishing ^-periods) meromorphic differential on E 
is uniquely specified by its singular parts, and so equation ()2.8|) along with the ^-cycle 
conditions in ()3.6|1 uniquely specify dp as a meromorphic differential on S with singular 
parts 

dp(x^)=^d(^^)+0((x-lf) asx^+l, 

y-'i (3.7) 

dp(x^) = Td { ] + 0((x + 1)°) as X ^ -1. 

\x + 1 J 

Because the normalised meromorphic differential dp on S is uniquely specified by its singular 
parts ()3.7j) it follows that 

a* dp = —dp. 

The infinite set of singular points {xk} of the original curve F become marked points on 
the desingularised curve E in ()3.4|) and can be characterised by the following condition 

p{xk) = nfcTT, Uk G Z. (3.8) 

Singular points can otherwise be seen as degenerated branch cuts, the two branch points of 
which sit on top of each other. From this point of view, the condition ()3.8p corresponds to 
the degeneration of the i3-period condition J^^ dp = 2'Knk of the meromorphic differential dp 
for this particular cut. Indeed, given the normalised Abelian differential dp we can define its 
Abelian integral as 

-p 



p{P) = [ dp, P G S, 

Joo+ 
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Figure 4: The algebraic curve S with its finitely many branch cuts and infinitely many 
marked points accumulating at a; = ±1. 

If we restrict the integration path to lie on the physical sheet then this function is just the 
single valued function p{x) itself, i.e. p{x) = p{x~^). The ;B-period condition on dp now reads 
(where G S is a point on the physical sheet arbitrarily close to the cut C^) 

l'Q+ poo" I-Q+ i-oo^ 

27rnfc = / dp + dp = dp — a* dp 



+ /•00+ pQ^ r^Q^ 

dp — I dp = dp+ dp 

JaQ+ Joo+ Joo+ 

i.e. 27rnfc =p(g+) +p(<3-g+). 

Thus if the cut Ck degenerates to a singular point then G S becomes that singular point 
which satisfies aQ^ = so that 

p(g+) = nfcTT. 

A typical algebraic curve E for a finite-gap solution of genus g is represented schemati- 
cally in Figure E] with its + 1 cuts and marked points (representing singular points of F) 
accumulating at a; = ±1. 

As suggested in jlj, the spectral curve can thus be understood as the analogue of a 
Fourier mode decomposition of the string, in the sense that to every integer mode number 
nj G Z there corresponds either a branch cut (when the mode is excited) with corresponding 
fi-period dp = 27mj or a singular point (when the mode is switched off) at Xj such that 
p{xi) = riiTT. Turning on a mode, with mode number m G Z say, corresponds to opening up 
the singular point at p{x) = mn into a full grown cut, which in turn increases the genus of 
the curve by one requiring the introduction of a new moduli as we will shortly argue, i.e. the 
amplitude of the mode m. Now since the algebraic curve is {a, r)-invariant, its moduli gives 
a set of action variables of the theory, which by the previous reasoning forms a complete set. 
For a general solution we expect the corresponding curve to have infinite genus, but we can 
view such a solution as a limit of finite-gap solutions. 
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Finally, we note that the spectral curve S fl3.3|) of El can be uniquely recovered from 
the algebraic curve S ()3.4|) of |2] equipped with the meromorphic differential dp simply by 
keeping the same spectral parameter x but redefining the y coordinate by 

dp = ydx. 

This definition makes sense away from branch points of S where x can be taken as a local 
parameter, and can be extended by continuity to branch points where dx has zeroes so that y 
picks up a pole at branch points. Therefore the specification of the pair (E, dp) is equivalent 
to the specification of the curve S. 

3.2 The moduli space of the spectral curve 

The curve E, or equivalently the pair (S, dp), uniquely determine the spectrum of conserved 
charges for any finite-gap solution. In the following, we will define a moduli space for this 
holomorphic data which, when subjected to the appropriate reality conditions, corresponds 
to the space of allowed values for the conserved charges. In this section it will be convenient 
to work initially with configurations where only the first set of Virasoro constraints ()1.7|1 are 
imposed. The two remaining conditions, which are the momentum constraint and the string 
mass shell condition ()1.9p . will be imposed at a later stage in our discussion. As discussed 
above, we will also restrict our attention to variations of the spectral curve for which the left 
and right Noether charges L and R remain constant. 

The required moduli space is a special case of a very general construction due to Krichever 
and Phong which is reviewed in Appendix El Following the starting point of the 
construction is a much larger universal moduli space, U, of smooth Riemann surfaces of 
genus g, with punctures P^, equipped with two Abelian integrals E and Q which have 
poles of order and iria respectively at the punctures. This space has complex dimension 
5(7 — 3 + 3A^ + + ^a)- Krichever and Phong define a set of local holomorphic 

coordinates on U and prove that level sets of certain subsets of these coordinates define 
smooth foliations oilA. As shown in jTHj, the moduli spaces of the spectral data for a large 
class of integrable systems can be each described as leaves of such a foliation. Remarkably, 
the relevant moduli space for the holomorphic data (S, dp) also admits precisely such a 
description. 

In the present case the Riemann surface is identified with the algebraic curve E of 
genus g = K — 1 defined above and the punctures Pa correspond to the eight points 
{oo^, 0^, (+1)^, (— 1)^} on S. The first Abelian integral E is identified with the quasi- 
momentum p{P) defined in the previous section. As in ()2.8p . p{P) has simple poles at the 
points {(+1)^,(— 1)^} and no other singularities. To make contact with jTHj we are led to 
introduce a second Abelian integral z{P) on S, identified with Q in the general construc- 
tion, which has simple poles at the remaining punctures {cxd^, 0^} and no other singularities. 
Thus we are considering the N = 8 case of the construction of |13^ with + ?t,q, = 1 at each 
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of the eight punctures Pa- In this case, the universal moduh space U has complex dimension 
5g + 29 = 5K + 24. 

As in the previous section S and p are subject to several constraints. These include, 

• The a- and 6-periods ()3.6|) of the differential dp. 

• The asymptotics of dp near the points {(+1)^, (—1)^}. As explained above, at this 
stage we are only imposing the first set of Virasoro constraints p.7|) . In this case the 
asymptotics ()3.7|1 are replaced by, 

dp{x^) = Td (^^) +0{{x- If) as x ^ +1, 

y~ { (3-9) 

dp{x^) = ^d (^^j + O {{x + 1)^) asx^-1. 

• The asymptotics ()2.13j) . of p near the points {oo^, 0^}. 

In Appendix |B1 we show that the set of constraints described above is equivalent to a 
collection of level-set conditions for a subset of the holomorphic coordinates on U introduced 
in pni- Further level-set conditions are provided by specifying appropriate residues and 
periods for the second Abelian integral z{P). In total, we find level-set conditions for exactly 
Ag + 29 of the 5g + 29 holomorphic coordinates on U. This defines a leaf £ in a smooth 
5f-dimensional foliation of the universal moduli space. 

In the above discussion we did not assume the hyperelliptic form ()3.4j) for the curve S. In 
fact, as we show in Appendix El the hyperelliptic property of S is actually a consequence of 
the level-set conditions described above and therefore leads to no further constraints. Finally 
we can also derive an explicit expression for the second Abelian integral z{P) in terms of 
the hyperelliptic coordinate x{P). Specifically, we find the formula, 

^(P)=x(P) + ^. (3.10) 

The remaining holomorphic coordinates which are not fixed by the level-set conditions 
provide holomorphic coordinates on the leaf C. According to OIBI, these coordinates corre- 
spond to certain periods (and residues) of the meromophic differential 

a = -^^{—zdp, (3.11) 

4:71 

where we have chosen an appropriate normalisation. The g independent coordinates param- 
eterising the leaf are |13] . 



Si = [ a = 77— -y^ / ( X + - ] dp, i = 1,. . . ,g, (3.12) 



2TTi L 2TTi Att L. \ X 
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where Oj are the canonical one-cycles on S defined in section ITT] and we have used ()3.10|) . 
Equivalently one can work with the periods of a around the K = g + 1 cycles, Ai, also 
defined in section l3?T| and choose coordinates, 

Si = ^[ a = ^^[ (x + -^dp, I = 1,...,K. (3.13) 



subject to the constraint, 

K 



1=1 



'i = ReSoo+« + Reso+o; = -{L — R). (3-14) 



Thus we have one coordinate Si associated with each cut C/ in the x-plane. The relation 
between the two sets of cycles implies that Sj = Si ioi I = i = 1, g. 

The variables Sj are known as filling fractions |21 0] and they play an important role in 
the context of the AdS/CFT correspondence. As in ()3.14|1 . their sum is the global charge 
J = {L — R)/2. In the dual spin-chain description, each magnon carries one unit of the charge 
J and also corresponds to a single Bethe root in the complex rapidity plane. The Bethe roots 
condense to form cuts in an appropriate thermodynamic limit. The quantity Sj corresponds 
to the total U{l)j charge associated with the cut Ci and thus to the total number of Bethe 
roots with the corresponding mode number nj. The AdS/CFT correspondence therefore 
suggest that the quantities Sj (and thus the moduli Si) should be quantised in integer units. 
In subsection 14.81 we will find an intriguing hint that this quantisation will emerge naturally 
on the string theory side of the correspondence. 

It is important to emphasise that the quantities k± which appear in the Virasoro con- 
straint ()1.7j) and the asymptotics ()3.9|1 . are not independent parameters in the construction 
described above. Rather they are non-trivial functions of the coordinates {Si} on the leaf 
C. These quantities also determine (via p.8|l ) the worldsheet momentum, V and energy, S, 
which should likewise be thought of as functions on C Fortunately it is possible to describe 
the variations of V and S with the moduli {Si} quite explicitly. In Appendix we derive 
the following equations, 

9 9 

6^V = -J^kiS^Si, 6^S = -J^^i^^Si, (3.15) 

i=l 1=1 

using the Riemann bilinear identity. Here fcj and Wi are defined in terms of the periods of the 
meromorphic differentials dp and dq of the quasi-momentum and quasi-energy respectively. 



dp = 27rfcj, dq = 2TiWi. (3.16) 

hi J hi 

The variation 5^, corresponds to the exterior derivative on the complex leaf C 
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As in ()3.6|) the closed string boundary condition constrains the ki to be integers which 
are related to the mode numbers nj as ki = rii — rix- Thus the ki are constant on the leaf jC 
and we can integrate the first equality in ()3.15|1 to obtain, 

9 

V = — kiSi + constant. 

i=l 

Using ()3.14j) . we can rewrite V in terms of the filling fractions Si and fix the integration 
constant by comparison to the pointlike string solution with Sj = for all /. The final result 
is, 

K 

V = -J2^i^i- (3-17) 

7=1 

Before imposing the momentum constraint and the string mass shell condition, the moduli 
space of admissible spectral curves E is precisely the leaf £ described above. From ()3.17p , 
the momentum constraint implies a further linear condition on the filling fractions, 

K 

^niSi = 0. (3.18) 

7=1 

As before the string mass shell condition identifies the string energy A as ^/2y/XS The 
second equality in ()3.15|) then provides a set of first order differential equations for A as a 
function of the moduli {Si}, 




In contrast to the integers ki, the 6-periods Wi of dq are not constant along the leaf L and 
integration of these equations is non-trivial. 



3.3 Reality conditions 

The reality condition ()2.16p on the monodromy matrix implies that the curve F is invariant 
under the following anti-holomorphic involution 

f:F^F,(x,y)^(x,r')- (3.19) 

In terms of the representation of F as a 2-sheeted ramified cover of the x-plane the effect 
of this anti-holomorphic involution is simply to map both sheets to themselves by x H-i> x. 
The two involutions ()3.19p and ()3.2p together generate a Z2 x Z2 group of involutions on F 
such that af = fa. Since in going from the curve F in 1)3.11) to the fully desingularised curve 
E in ()3.4)l we haven't modified the spectral parameter x, the desingularised curve E is still 
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invariant under the anti-holomorphic involution which takes both sheets to themselves by 
X X, so that the branch points uj, vj defined in ()3.4|) should either be both real {uj = uj, 
vi = vi) or form a complex conjugate pair {ui = vj). 

It follows from its definition that the homology basis {ai, &i}f=i has the following property 
under the action of the anti-holomorphic involution f 

fai = -ai, fbi = hi, (3.20) 

where the equalities in these expressions are to be understood modulo cycles homotopic to 
zero. Note also that the basis of holomorphic differentials of E is such that f*uji = —uji since 
f*uji are holomorphic 1-forms (because the local parameter x is such that f*x = x) and 

J ai J rai J ai 

Thus it follows that the periodic matrix Iljj = uj of S is pure imaginary 11 = —11 because 



Hij = ujj= f*ujj = - ujj = -Uij. 



The reality condition on the differential introduced in (jH.llj) is f*a = a, from which the 
reality condition on the filling fractions ()3.13p follows 

— 1/"- 1/" 1/" 

Sj = —- — : / a = —- — : / f*a = —- — : / a = Si, I = 1,...,K. 



4 Finite-gap solutions 

In the previous sections we have seen how from a given solution to the equations of motion 
one can construct a fiat connection J[x, a, r), and from this obtain a non-singular algebraic 
curve carrying the action variables of the solution in question. In section |33 we identify the 
remaining algebro-geometric data which uniquely characterises the dynamics of the solution, 
i.e. the angle variables. We then explain in section WH^ the method of finite-gap integration 
for recovering the explicit solution corresponding to a given set of algebro-geometric data 
[T^ 1201 1^ 123 ■ In the following section we will use various results proved for example in 
[TH] so to avoid cluttering the main argument we will simply refer to specific pages in this 
reference for the proofs. 



4.1 Identifying the algebro-geometric data 

We start by describing the dynamics of the monodromy matrix which from the relation 
()2.7j) is encoded in its eigenvectors. By definition of the spectral curve there is a unique 
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eigenvector of Q{x, a, r) corresponding to any regular point P G F, and it can be shown (see 
the Proposition pl31-132 in JH] and especially the remarks following it) that this is also the 
case when P is a branch point. Thus the desingularised curve S has a unique eigenvector 
h{P, cr, r) at each point P G S, which we normalise by setting its first component to one 
for convenience, i.e. /ii(P, a, r) = 1. The second component /i2 on E can be shown to have 
exactly g + I poles in the present case (see the Proposition pl34 in [IHl)- At the points 
00+ , 00^ G S above Xq = 00 the eigenvector is proportional to ( J ) , ( ? ) respectively, so 
the second component h2{P,cr,T) of the normalised eigenvector has a (simple) zero at 00+ 
and one of its + 1 poles is at 00^. The remaining g poles define the dynamical divisor 
which we denote by 7(0", r) = Y[i=i lii'^y 't)- It is easy to see that the algebro-geometric data 
{S, dp, 7(0", r), 00^} is invariant under the residual gauge group (section |2)) and so we have 
a well defined map 

[Vt{x, 0-, r)] t-^ {S, dp, 7(0-, r), 00=^}, (4.1) 

where [■] denotes the equivalence class under residual gauge transformations. But now 
by the Riemann-Roch theorem there is up to multiplication by a function independent 
of P a unique meromorphic function on S with pole divisor in 7(0", r)oo~ and with a 
zero at cxd+. Thus the divisor (7(0", r)cx3~)~^ cxd+ on S uniquely specifies the normalised 
eigenvector h,(P, a, r) up to left multiphcation by a diagonal matrix diag(l, (i(cr, r)) and 
hence also completely specifies the monodromy matrix up to a similarity transformation 
f2(x, cr, r) diag(l, d{a, t))VL{x, cr, r)diag(l, d{a, r))^^. Therefore the map 1)4.11) is injective. 

To determine the dynamics of the connection J(x, cr, r) we first notice that the zero- 
curvature equation ()2.2)1 is equivalent to the consistency condition for the following linear 

system 

(c/- J(x,cr,r))V = 0, (4.2) 

The Lax connection J(x, cr, r) can be recovered at a generic value of x from the solution 
i/'(P, cr, r) to the auxiliary linear problem by 

J(x, cr, r) = (c?^f (x, cr, r)) ^(x, cr, r)~\ (4.3) 

where \E'(x, cr, r) = ('0(x+), '0(x^)), and thus we can focus on describing the dynamics of the 
solution il){P,a,T) to the auxiliary linear problem. Now by virtue of the relation ()2.fj)l . the 
operators {d — J{x,(T,t)) and Q{x,(T,t) can be simultaneously diagonahsed, and hence the 
vector ip{P, cr, r) in ()4.2|) can be taken as a multiple of the normalised eigenvector 

V(P, cr, r) = ifiP, cr, r)^(P, cr, r). (4.4) 

Taking the first component of the auxiliary linear problem ()4.2|) yields a system of equations 
for the scalar function (p{P, cr, r), namely 

dip{P,a,T) = {j{x,a,T)h{P,a,T))^ip{P,a,T), (4.5) 
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Now since the Lax connection J(x, cr, r) has poles at the constant values x = ±1 and the 
normalised eigenvector is holomorphic in a neighbourhood of every point above a; = ±1, 
equation ()4.5|1 implies that the scalar function ip{P, a, r) has essential singularities at every 
point on E above x = ±1 which are shown in Appendix O to be of the form 



Lp{x ,a,T) = 0(1) exp <^ T— ^ - 1 ' ' as x ^ 1 



V9(x^,cr,r) = 0(1) exp <{ =F^^— 4 7 asx-^-1 

2 X + I 



(4.6) 



where 0(1) denotes a function holomorphic in a neighbourhood of x = ±1. Because of ()2.10p 
and the gauge redundancy ()2.18j) . we have in a general residual gauge J{oo,a,T) = dgg~^ 
where g{a, r) is diagonal, so that the constant pole of h2 at oo^ does not give rise to any 
essential singularities in ip{P, cr, r). The function (p{P, a, r) also has zeroes at the dynamical 
divisor 7(0", r) (see [1^] pl51-152) and if we consider the solution to ()4.2|) with initial con- 
dition^ ip{P,0,0) = 1 then ip{P,a,T) has poles at 7(0,0). But a meromorphic function on 
S \ {x = ±1} with pole divisor in 7(0, 0) and essential singularities at the punctures x = ±1 
of the prescribed form ()4.f)j) is unique^" up to multiplication by a function independent of 
P e E. Therefore the first component ipi = f of il^{P, o", r) is uniquely specified up to a multi- 
plicative c((T, r) by the divisor 7(0, 0) and its behaviour ()4.6p at x = ±1. Likewise, the second 
component ip2 = V^^2 is uniquely specified up to a multiplicative d{a, r) by: the behaviour 
(14. 6j) of at X = ±1, the fact that tp2 has a zero at oo"*" and that its pole divisor is contained 
in 7(0,0)00^. Therefore the set of algebro-geometric data for the solution i/'(P, a, r) to 
the auxiliary linear problem ()4.2j) can be taken to be {S, dp, 7(0, 0), oc"^, S±{P, a, r)} where 
S± {P, cr, t) are the singular parts defined in ()D.3|) and it is easily seen to be invariant under 
residual gauge transformations {if) ^V')- Hence we have a well defined injective map 

[J(x, a, r)] ^ {S, dp, 7(0, 0), oo±, 5±(P, a, r)}. (4.7) 

Note that the singular parts are specific to the choice of analytic behaviour of J(x, cr, r) in 
X and that the pair of punctures 00^ G S is specific to the gauge fixing choice ()2.12|) and 
neither of them depends on the solution considered. So since this extra data is common to 
all solutions we may omit it when specifying the algebro-geometric data so that the injective 
map ()4.7|) boils down to 

[Jix,a , t)] ^ {S, dp, 7(0, 0)}. (4.8) 

^Normalising ip such that (^(P, 0,0) = 1 is always possible because one can divide the solution ip to the 
auxiliary linear problem (|4.2|l by an arbitrary function f{P) of P G S only. Note that this scaling by /(P) 
has no effect on the current J{x,a,T) reconstructed using (|4.3() . Choosing /(P) = (^(P, 0,0) yields the 
required initial condition on if. 

^"Indeed, suppose there are two such functions, then their quotient is meromorphic on the genus g Riemann 
surface E and has at most g = deg7(0, 0) poles which must be independent of P G E by the Riemann- Roch 
theorem. 
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The divisor 7(0,0) being of degree g it lives in the g-th symmetric product 5*^(2) = /Sg 
of the curve S which is in bijection with the Jacobian J(S) of S by means of the Abel map 



A ^ (4-9) 

i=l i=l 

Therefore the algebro-geometric data {S, rfp, 7(0, 0)} corresponding to a generic solution 

^? 

J(S) ^ M'i'^ ^ £, (4.10) 



specifies a point on the Jacobian bundle M.^^^ over the leaf C which we defined in section |3] 



where the fibre over any point S in £ is the Jacobian J(S) of the corresponding curve S. 
So in effect the map ()4.8|) constructed in this section takes the orbit under residual gauge 
transformations of any solution of the equations of motion ()1.4|) (note that not every point 
on this orbit is a solution) to a single point on 



4.2 Reconstruction formulae 

In the previous section we have identified the set of algebro-geometric data which uniquely 
specifies (up to residual gauge transformations) a solution J(x, cr, r) to the zero-curvature 
equations, as exhibited by the injective map ()4.8p . In this section we want to construct the 
(left) inverse of this map ()4.8p . namely 

{S,rfp,7(0,0)}^[J(x,a,r)]. (4.11) 

In other words, starting from a given set of admissible algebro-geometric data (i.e. a point on 
Ai^^^^) - a curve S of the form ()3.4|) equipped with an Abelian differential dp and a constant 
divisor 7(0, 0) of degree g, along with the pair of punctures 00^ G S above xq = 00 E 
CP^ and the singular parts S±{P,a,T) - we want to recover the Lax connection J(x,a,T) 
corresponding to this set of data modulo residual gauge transformations. 

The components 1^1,1^2 of ip are meromorphic functions on S \ {a; = ±1} which were 
shown in the previous section to be uniquely specified (up to multiplicative functions indepen- 
dent of P G S) by their respective divisors (ipi) > 7(0,0)""^ and (1^2) > (7(0, 0)cxd~)~"^ cxd"*" 
and by their common behaviour ()4.6|1 near the essential singularities at x = ±1. We can 
scale the eigenvector ip hj a function A;_ (P) independent of a and r so we let 7 be a positive 
divisor of degree deg 7 = (7 + 1 equivalents^ to 7(0,0)00" and define fc_(P) as the unique 

^^Two divisors Di,D2 are said to be equivalent and we write Di ^ D2 if there exists a meromorphic 
function / with divisor (/) = DiD^^ . 
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function with divisor (7(0,0)00 )7 ^ normalised by k^{oo~^) = 1. After scaling by k_{P) 
the divisors of the components of V' satisfy 

(v-i) > r'oo-, (^2) > r'oo+, (4.12) 

whereas their behaviour near the essential singularities at x = ±1 is unchanged. Functions 
with such defining properties are known as Baker- Akhiezer functions and can be constructed 
on the Riemann surface E of genus g with the help of Riemann 6'-functions [T?H ES] , so by 
uniqueness these constructed functions will have to be equal to ipi, ip2 up to a multiplicative 
function independent of P G S; we fix these multiplicative functions of cr, r in the definitions 
of ipi, tp2 by choosing the following normalisation ipi{oo~^) = ?/'2(oo~) = 1- Using the standard 
expressions for Baker-Akhiezer functions in terms of Riemann ^-functions (see for instance 
section 2.7 in jlHj), the components of il^{P, a, r) are given by 

e (AjP) +k(r + WT- C^(o,o)) 9 (A(oo+) - C7(o,o)) 
6 {A{P) - C7(o,o)) (A(oo+) + k(T + wr- Cjiofi)) 



^{Par) = k (pN ^ (A^) + ka + WT- Cy(o,o)) 6 {AjoQ-) - Cy(o.o)) 
^ ' ' ^ ^^^(A^)-Cy(o,o))^(A(oo-) + fca + t(;r-Cy(o,o)) 

where the ingredients for these formulae are defined as follows: 

• The function 6* : ^ C is the Riemann ^-function associated with S defined for 

2 G C» by 

9{z) = exp {i(m, 2) + 7ri(nm, m)} , 

where {x,y) = Yli=i"^iyi n is the period matrix ()3.5j) . It has the following 
important property under translation by vectors 2iTn + 27rnm G 27rZ^ + 27rnZ^ 

9{z + 2nn + 2nUm) = exp{-i{m,z) - ni{Um,m)} 9{z). (4.14) 



• The divisor 7'(0, 0) is the unique positive divisor such that 

7(0,0)00+ ~ 7(0,0)00" ~ 7. (4.15) 

Then fc+(-P) is the unique function with divisor {k+) = (7'(0, 0)00+) 7"^ normalised by 
the condition fc+(oo~) = 1, just as k-{P) is the unique function with divisor (fc„) = 
(7(0, 0)oo~) 7~^ normahsed by fc_(oo+) = 1. 
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• The function A.: —>■ is the Abel map with base point Pq 



A: S ^ J(S) 

P^2n [ 
Jpo 



p 



This map is an injective holomorphic map by Abel's theorem. As in section WTH it can 
be extented ()4.9|1 to act on divisors of degree g by requiring that it be a morphism. 
This extended map is still injective by Abel's theorem but is also surjective by Jacobi's 
inversion theorem, and so the map ()4.9j) defines a bijection between positive divisors 
of degree g and points on J(S) as already pointed out in section I^?T1 

We define (n = A.{D) + K for any divisor of degree deg D = g where /C is the vector 

of Riemann's constants. Since C7'(o,o) = C7(o,o) — 27r a;, the Abel map only enters in 
()4.13|) through the expression A{P) — C7(o,o) and it follows that the formulae ()4.13|) are 
base-point independent: changing the base point of the Abel map A. can be absorbed in 
a change of the initial conditions 7(0, 0) of the solution and so without loss of generality 
we choose Pq = cxd+. We also note that the vector C7(o,o) is almost arbitrary, the only 
requirement being that the function 9 [A.{P) — C7{o,o)) should not vanish identically, 
which is equivalent to the requirement that the divisor 7(0,0) be non-special |23]- 

• Apart from the holomorphic differentials the expressions in fl4.13|) involve various 
other Abelian differentials. Firstly, dp is the normalised second kind Abelian differential 
of the quasi- momentum and is uniquely specified by its pole structure ()3.9|) at a; = ±1. 
Secondly, dq is the normalised second kind Abelian differential of the quasi-energy q{x) 
uniquely specified by its poles at x = ±1. As for the differential dp in fl3.9|l . imposing 
only the first set of Virasoro constraints p.7|) . the asymptotics of dq read. 



The relation among the pole part of the quasi-energy ()4.16|1 . the pole part of the 
quasi-momentum in ()3.9|1 and the singular parts S± of the problem in ()D.3j) is 




+ 1 



-1. 



(4.16) 



adp + rdq 



2TiidS±. 



(4.17) 



The vectors in of ^-periods of these Abelian differentials 
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Figure 5: Normal form Scut of the Riemann surface S of genus g. 

being generically non-zero, the Abehan integrals dp and dq define multi- valued 
functions on E. Nevertheless it is straightforward to check using the property ()4.14|) 
of ^^-functions that the formulae in ()4.13|) do define single-valued functions ipi and ■ip2 
on S: if P G S goes around an arbitrary cycle 7 = XlLit^*'^* + ^i^i] £ HiiJl^'L), 
N, M G then the expressions in ()4.13|1 are unchanged. 

• Since Abelian integrals are multi-valued it is preferable to work with specific branches 
of these functions by cutting up the Riemann surface S along the homology basis 
ai,bi,i = 1, . . . ,g to form a simply connected domain S^ut called the normal form of 
S, see Figure El The Abelian integrals ^{P), J dp, and J dq are now well defined 
on Scut where all the paths of integration should lie in the interior of Scut- 

• At this stage the vector ip is determined only up to a residual gauge transformation 
1/' ^V' where g = diag (c(cr, r), (i(cr, r)), but we will show in the remainder of this 
section that no further residual gauge transformation is actually required for the re- 
construction of the current j. 

Since 7(0", r)oo~ is the divisor of zeroes of the first component ipi it follows from the 
formula ()4.13aj) for ipi and using Riemann's theorem on the zeroes of the ^-function that 

A(7(cT, r)) - A(7(0, 0)) = -ka - wr. (4.18) 

In other words, the motion of the dynamical divisor 7(0", r) is linearised on the Jacobian J(S) 
by the Abel map. Notice that since the right hand side of ()4.18|) is uniquely determined 
by the singular parts S±{P) of the problem, it follows that the set of algebro-geometric 
data ()4.H) for Q{x, cr, r) is actually equivalent to the set of algebro-geometric data ()4.7|) for 
J{x,a, t). 

The connection J{x, a, r) can now be reconstructed from the formula ()4.3|1 using the 
expressions (I4.13|l for the vector ■?/' up to a residual gauge ()2.18|1 with diagonal parameter 
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g{a,T). In order to obtain expressions for the components jo,ji of the current j we must 
first show that the reconstructed connection J{x, a, r) in ()4.3p takes the original form ()2.1|) 
for some current j. In section WTl] the behaviour of the eigenvector -j/j near the essential 
singularities at x = ±1 was found to be 



from which we may write the behaviour of the matrix \E'(a;) = )) near x = ±1 

as follows 

■q)(x, a,T) = I ^^0(0-, ^) + '^s{(T, t){x - 1)' j 6^^^''=' as X ^ 1, 
^(x,cr,r) = I $o(cr,r) + ^<l>3((j,r)(x + 1)^ j e^^rr^'^' as x -1, 



where = diag(l, —1) is the third Pauli matrix and are the light-cone coordinates on the 
string worldsheet introduced in p.lj) . It is straightforward to derive from these expansions 
the following asymptotics near x = 1 

v[;-i = ^ {^0^3%') + 0(1) 

1 — X ^ as X — > 1 

= 0(1) 
and likewise near x = — 1, 

(9+^)^-1 = 0(1) 



(d_^) = ^ ($oa3$o-^) + 0(1) 
1 + X 



as X — > —1. 



However we also find from that ^ = 1 + O (i) as X — >■ 00 due to the special normali- 

sation of the vector ?/> defined in ()4.13|) . so that 

(5±^)^"^ = O0^ asx^oo. 

Thus the above asymptotics at x = ±1, 00 take the following form 

(9+^)^"^ = J+(x) + 0(1), (9„^)^"^ = J_(l) + 0(1) asx-^1 (4.20a) 

(a+^)^"^ = J+(-l) + 0(1), (9_^)^"^ = J_(x) + 0(1) asx-^-1 (4.20b) 

(a±^) = J±(oo) + O (^^^ as X ^ 00, (4.20c) 
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where the matrices J±{x) here have been defined as 

. ^ (4.21) 
^4-) = ^ ($oa3$o ^) . 

To show that these are in fact the hght-cone components Jo ± Ji of the Lax connection J{x) 
we use a standard argument based on the uniqueness of the Baker- Akhiezer function (see 
for instance |^) and consider the following vector- valued functions on S 



f±{P) = {d± - J±{x)) V(P) = [{d±^{x)) ^{x)-' - J±(x)] il^iP), 

where 7r(P) = x. By their definition, on S \ {x = ±1} the components of the vectors f±{P) 
have exactly the same constant poles as il^{P) at 7 as well as the same constant zeroes as 
the components of il^{P) at 00^ (see fl4.12|l ) using the fact that J±(oo) = 0. Also from their 
definition and using the asymptotics at x = ±1 in ()4.2()a|l and ()4.20bj) . these vectors have 
essential singularities at x = ±1 of exactly the same form as that of the vector These 
were the properties which determined the Baker- Akhiezer vector if){P) uniquely on E up to 
multiplication by a diagonal matrix independent of P G S, and thus by the uniqueness of 
the Baker- Akhiezer vector the following must be true 

/±(P) = D(a,r)7/.(P), 

for some diagonal matrix D{a,T) independent of P G S. But the asymptotics at x = 00 in 
()4.2()c|l now show that in fact D{a,T) must be zero, so we conclude 

Going back to the definition of these vectors this implies 

J±(x) = (9±^(x)) ^(x)~^ (4.22) 

In other words the connection defined in 1)4.211) is exactly the reconstructed Lax connection, 
and so the latter is indeed of the form 1)2.1)) once we have completely fixed the residual gauge 
by imposing the final condition J(oo) = (obtained from ()2.1())l ). We can now read off from 
()4.21)1 the reconstruction formula for the light-cone components of the current j 

j+(a,r) =m+(^o(T3^o'), .4 23) 

j„((7,r) =m_ ($o(X3$o^) , 

where \E'o and $0 are the matrices defined in terms of the reconstructed matrix \E' through 
equation ()4.19)) . The components of the reconstructed current ()4.23)1 can alternatively be 
written more compactly as follows 

j±((T, r) = iK± Mm (^(x, (J, r)a3^(x, a, t)-') . (4.24) 
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One can easily check that these reconstructed currents satisfy the first set of Virasoro con- 
straints ()1.7|) since = — k^I so that 

tr jl = -K|tr 1 = -2/t|. 

Also, before having imposed any reality conditions on the algebro-geometric data the recon- 
structed current ()4.24|) takes values in 51(2, C) since it is obviously invertible and traceless, 

tr j± = iK± tr (T3 = 0. 

We can write out the components of the reconstructed current ()4.24|1 even more explicit in 
terms of 6'-functions starting from the expression ()4.1Hj) for the matrix of Baker-Akhiezer 
vectors "^{x, a, r) in terms of ^-functions. The final expression for the light-cone components 
of the reconstructed 5'f/(2)/j current j then reads 

r) = e(^'«-^/r- ''Q)^^e(±i^ a, r) {tK±as) e(±l, a, r)~^e^(5^'"-^^-- ''^)^\ (4.25) 
where the notation in this expression is as follows: 

• After reconstructing the current ()4.24j) . the only part of the residual gauge transfor- 
mation that is still unfixed is conjugation by constant diagonal matrices corresponding 
precisely to the ?7(1)_r subgroup of the physical SU{2)fi symmetry p.l2p of the action 
that preserves the level set Qr = ^Rcs (although at this stage, before having imposed 
reality conditions, we are really dealing with a C* subgroup of an SL{2, C)r transfor- 
mation acting on complexified currents j). All the other spurious gauge redundancy 
introduced by the zero- curvature formulation ()2.2|) of the equations of motion has been 
fixed. This undetermined C* conjugation matrix can be expressed in terms of a single 
arbitrary constant Oq E C as e^^°"^. 

• We can combine the Abelian differentials dp and dq into the following second kind 
Abelian differential ^ 

dQ{a, t) = — {adp + rdq) , 

/TT 

which plays a special role in the dynamics of finite-gap solutions. Referring to equa- 
tion ()4.17|) . it can otherwise be defined as the unique normalised second kind Abelian 
differential with double poles at x = ±1 of the form 

dQ ~ idS4-. 

Notice that the only (cr, r)-dependence of the matrix 9(x, a, r) defined below enters 
through the 6-periods of dQ{a, r) in the expression 



C'r(a,T) = C7(o,o) - j dQ{a,T) 
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and that the quantity entering in the exponents of expression ()4.25|) for j± is just 
(minus) the ;Bp_|_i-period of dQ{a,T), namely 



/■00+ /■ 

/ dQ{a,T) = - dQ{a,T). 



• The reconstruction formulae ()4.1Hj) for the matrix \l/(a;, a, r) = {t/^^x^, a,T),'il^{x , a, r)) 
can be conveniently factored as follows 

^(x,a,r) = ey^-'^^^''^^'^C{a,T)eix,a,r)e^^^^''''^\ (4.26) 
where C(o", r) and r2s(x,o", r) are diagonal matrices defined as 

C{a,T) = e-y^' dQ{a,r)a,^ ns{x,a,T) = diag N / dQ{a,T),i / c/Q(a,r) 

\ J 00+ J 00+ 

and the matrix 0(x, a, r) of ^-functions is defined by 
6(x, cr, r) = 

/ ^ / +N '^(A^+)-C,(.,.))e(Aoo+)-C^(o,o)) x e(A^-)-C^(...))e(-^(°^+)-<7(o.o)) \ 

-'^ ^e(A^+)-Qo,o))e(Aoo+)-Q,,,)) ''0(A^-)-Qo,o))e(Aoo+)-c^(,,,)) 
, / +N g(A^+)-^yKr))K-^(°"")-^V(o,o)) I. / -N g(A^-)-CyK.))e(Aoo~)-Cy(o.o)) " 
V +^ ^e(A^+)-Cy(o.o))e(^(~-)-CvK.)) +^ ^e(A^-)-Cy(o.o))KA'»-)-CyKr)) / 

Substituting ()4.26|1 into ()4.24|1 yields the required expression for j± expressed in terms 
of 6'-functions through 6(±1, a, r). 

We can now also reconstruct the monodromy matrix corresponding to the reconstructed 
current ()4.24|1 that would be obtained by substituting ()4.24|1 directly into the definition p.4|) 
of VL{x). For this we note that the monodromy matrix satisfies the differential equation ()2.(jj] 
with the Lax connection now being given by ()4.22|1 . i.e. 

[d± - (a±^(a;))^(x)-\n(x)] = 0. 

This equation is solved by VL{x) = \E'(a;)A(x)\l'(x)~^ where A(a;) is a constant diagonal matrix, 
d±\{x) = 0. The requirement that Q{x) be the monodromy matrix fixes these integration 
constants to be the eigenvalues of the monodromy matrix, namely 

A(a;) = diag (e*^'^^), e'^^^^)), 

so that the monodromy matrix of the reconstructed current ()4.24|) reads 
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where = (i/'(a;+), )) and i/j is the reconstructed Baker-Akhiezer vector in ()4.13|) . 

The original field g of the SU{2) principal chiral model defined in ()1.2|) can also be 
recovered now that the current j = —g^^dg is known. It is the unique solution to 

dg + gj = 0, 

up to left multiplication by an arbitrary constant Ul & SL[2, C) matrix. In particular it is 
given by 

g{a,T) = UL-P^ [ J, (4.27) 

where the integral runs from {a, r) on the worldsheet to an arbitrary but fixed point. For 
the moment though, before having imposed any reality conditions, this field takes values in 
SL{2X)- 

We conclude this section with a summary of the results obtained so far. In section 
14.11 we constructed a map ()4.8|1 associating to an equivalence class [J(x, a, r)] a set of 
algebro-geometric data {S, dp, 7(0,0)} G A^c^^ This map is injective, essentially by the 
Riemann-Roch theorem, and thus admits a (left) inverse ()4.1H1 which is also injective. For 
any class [J{x, a, r)], only certain particular representatives, determined by the requirement 
J{oo) = 0, are genuine solutions of the equations of motion. As was shown above, the con- 
dition J(oo) = picks out a family of solutions related by residual gauge transformations 
consisting of constant diagonal matrices g. This constant diagonal residual degree of free- 
dom, corresponding to the U{1)r symmetric group preserving the 'highest weight' condition, 
was parametrised by introducing a new complex variable W = exp{i6o) G C*. So amending 
the algebro-geometric data Ai^^^^ with this extra piece of data to form Mc = M^^^^ x C* 
we can describe the reconstruction of the current ()4.25|) by an injective map, which we call 
the geometric map, 

g-.Mc^ScC M^, (4.28) 

from the moduli space Aic = -^c^^ ^ C* describing the extended algebro-geometric data 
{E, c/p, 7(0, 0), ^0} into the space Sc of complexified solutions j G 51(2, C) of the equations 
of motion ()1.4j) and the Virasoro constraints (jl.fij) (after imposing the final Virasoro con- 
straint = K,-), which is a subspace of the space M.'^ of all pairs j = (jo(o", t), ji(cT, r)). 
The main feature of the geometric map specified by ()4.25|) which we wish to emphasise is 
that it linearises the motion on the moduli space Aic- In other words, once the initial data 
has been specified as a point on A^C; the subsequent evolution of the system is described by 
a linear fiow on the corresponding J(S)-fibre of A^c^'* as well as on the extra C* factor of Ale 



e{a,T) = 0(0,0) -ka- wt, 
9{a, r) =00- kga - WqT, 



(4.29) 
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where 6{<j,t) = ^(7(0", r)) + 6q and W = exp{i9) is the coordinate along the C* factor of 
Aic- The vector 6q G is a constant vector whose specific value will be chosen in section 
14.51 to make the reality conditions on 6 simple. The velocities have been identified in the 
remarks following ()4.25|1 as being linear combinations of all = + 1 of the i3-periods of 
the spectral curve S defined in section 13 specifically 

k = ^ I dp, w = ^ I dq, 
h = -TT / dp, wg = -— / dq. 

The first equation in ()4.29jl is a rewriting of ()4.18|1 and the second equation for 6 comes from 
observing the reconstruction formula ()4.25j) written explicitly in terms of all the data. 

4.3 The dual linear system 

In section 14.51 we will show that the reconstructed current ()4.24|1 corresponding to real 
algebro-geometric data is su(2) valued, but in order to do so we will need the concept of the 
dual Baker- Akhiezer vector which we now introduce. We will derive a useful formula for the 
inverse matrix \E'(x, a, r)~^ appearing in most of the reconstruction formulae, in particular 

fl4.24|l . expressing it as a matrix of row vectors '0"'"(a;~)'^) where the row-vector 

■0+ is the dual Baker- Akhiezer vector obeying 

ii)+{x^) -ij^ix^) = 1, i/)+{x^) -ipix^) =0, (4.30) 

which can be constructed as follows [19j: consider a meromorphic differential Q with double 
poles at 00=*" and g + 1 specified zeroes at 7. The set oi g + 1 remaining zeroes of Q define the 
dual divisor 7+ up to equivalence; indeed the differential fl is not unique, but the divisors 
7^,7'^ defined from two such differentials Q,Q' are equivalent 7^ ~ 7'^. Then the dual 
Baker- Akhiezer vector i/j"*" is defined as 

^tiP) = xiPWiP), with xiP) = 

where Q is normalised by x(oo+) = 1 say, and where the components of the vector i/^^ are 
Baker-Akhiezer functions specified by their respective divisors 

(^^)> (7+)"'oo-, (^+)> (7+)"'oo+, 

as well as singular parts this time of opposite sign —S± at x = ±1 and are normalised such 
that 

^+(00+) = ^/'^(oo") = 1. (4.31) 
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So just as the components of were constructed in ()4.13|) . those of i/'^ can be constructed 
exphcitly using a reconstruction formula analogous to ()4.13p but with the replacements 
7 ^ 7^, k± h± where = 7+(0, 0)00^(7+)-^ and {h+) = y+(0, 0)cx)+(7+)-\ as well 
as dp —dp, dq —dq (and hence also k —k, w —w), namely we have 

^+(p aT) = h ^m ^ (-^(-P) -ka-wr- C,+ (o,o)) 6 (A(oo+) - C.+ m) 
' ' ^ ^e(A(P)-C7+(o,o))^(Aoo+)-fca-tt;r-C^+(o,o)) 



;p+[P^a,T) = K{P) ^^^^^^ -ka-WT- Cy+(o,o)) ^ (Aoo ) - Cy+(o.o)) 
^ ' ' d {^{P) - C7'+(o,o)) (A(cx)-) - ka-WT - C7'+(0,0)) 



where 7''''(0, 0)oo"'" ~ 7"'"(0, 0)oo ~ 7"'". That the vector tj)^ thus constructed indeed satisfies 
the orthogonality condition ()4.3()p and hence can be used to express the inverse matrix 
\E'(x, 0", r)~^ = {^il^^^x'^)'^ ,'il)^{x~)'^^'^ is shown for example in Using the orthogonality 
relation ()4.30p it is straightforward to show that 'il^~^{P) is a left row eigenvector of the 
monodromy matrix Q{x, a, r) with the same eigenvalue as the right column eigenvector 
il^{P) and furthermore that it is a solution to the dual auxiliary linear system, namely (c.f. 
the auxiliary linear system ()4.2|l ) 

dil^^ + il^+J{x,a,T) = 0. 



Defining the dual dynamical divisor 7'^(o", t) such that 7^(0", r)oo is the divisor of zeroes 
of ipi , then for the same reasons that lead to ()4.18|1 . it follows from the analogue ()4.32a|l of 
equation ()4.13a|l for the first component of the un-normalised dual Baker- Akhiezer vector 
i/j"^ that the motion of the dual divisor is also linearised on by the Abel map 

^(7+(cT, r)) - A(7+(0, 0)) = ka + wt, (4.33) 

but the motion is in the opposite direction to that of the dynamical divisor 7(0", r) in ()4.18|) . 



4.4 Singular points and the dynamical divisor 

Following a general procedure developed by Sklyanin (|21] and references therein) we show 
that the points of the dynamical divisor 7(0", r) along with the set of singular points {x^} of 
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r can be conveniently characterised as the zeroes of the particular component B{x) of the 
monodromy matrix 

= ( rll ) ■ (4.34) 



C{x) V{x) 

To see this note that provided x is not a branch point, so that both eigenvectors are lin- 
early independent, the monodromy matrix can be diagonalised by its matrix of (normalised) 



eigenvectors^^ 

^ ^ V ^2(2;+) h2{x-) J \ A{x-) J \ h2ix+) h2ix ) J ^ ^ 

where A{Q) = e^P^^^ = e^x+ '^p is the function on S which at x^, x~ gives the two eigenvalues 
e'^P^^\ e~^P^^^ oi il{x) since 

A(x+) = e^^-+'^P = e*J'(^), 

where we have used the relation J^,,. dp + dp G 271^ along with ax'^ = x~ . Now because 
the function h2{P) is meromorphic on the algebraic curve S : = ni=t^(^ ~ where the 
{3^i}i£t^ = {^/)'^i"}f=i denote the branch points, it can be written as a rational function in 
X and y. Its pole structure implies the following form 



h2ix^) 



±. ±y+ + h{x) 



B(x) 



where B{x) = C nf=i(^ "~ ^tJ with x^. = 77(74) and C = C{a,T), = y{x^) is the value of 
y on the physical sheet and h{x) is a polynomial of degree g + 1. 

The function B{x) can now be found from ()4.35|) to be 

B{x) = (A(x+) - A(x-)) ^^^^ 



2y, 



But the function A(x) = (A(x^) — A(x~))^ = (e*^^^-* — e~*^*-^^)^ is the discriminant of the 
quadratic polynomial r{x,y) in y which has simple zeroes at the branch points, double 
zeroes at the singular points of the curve F and no other zeroes. Thus we see that the 
function B{x) has simple zeroes at the dynamical divisor and at the singular points of F. We 
shall therefore denote the singular points more naturally by 7^, i = —00, . . . , 0. The relation 
between singular points and points of the dynamical divisor is even stronger, as we show in 



^^This is simply a rewriting of equation H2.7|l . with u{x,a,T) = D{x,(t,t) ^ ft, ( ~) y where 

D{x, a, t) is a diagonal matrix whose effect is simply to change the norms of the individual eigenvectors. 



1 1 
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Appendix|El since the singular points can be thought of as 'trapped points' of the dynamical 
divisor in the sense that if we increase the genus of the curve S by blowing up certain singular 
points into genuine handles, then the number of points of the dynamical divisor increases by 
the same amount, as if the singular points in question had become dynamical. 

When the zero x^^ of B[x) corresponds to a point 7^ G S of the dynamical divisor then 
using equation ()4.H5j) we easily obtain the following asymptotics for the monodromy matrix 
(note that A(P+) = A(p-)-i) 



A(7.)-' 
* A(7i 



from which it follows that A[x^^ = A(7j) ^. This result also holds when the zero x^- of B{x) 
corresponds to a singular point of F since in this case we have A{x^.) = A(7j)~-'^ = A(7j). 

Therefore the set of points ji ET,i = —00, . . . ,g comprising of the points 7^, i = 1, . . . , (7 
of the dynamical divisor and the singular points 7^, i = —00, . . . , is uniquely characterised 
by the following conditions in terms of the two components A{x) and B{x) of Q{x) 

i3(x^J = 0, A(7,)-i = ^(x^J. (4.36) 
By the exact same reasoning one can also argue from 

- M ^2(x+) yV A(x+) \(lhix+) 
''^""^ [ 1 k^ix-) J { A(x-) J V 1 hix-) 

where k2{P) = ipt (P) / i^i (P) has divisor {k2) > (7^(0", r)oo^) "'^00+, that the set of points 
■y^,i = l,...,g of the dual divisor 7+(ct, r) along with the infinite set of singular points 
■j^ = ■jiji = —00, . . . , of r can be uniquely characterised by 

C(x^+)=0, A(7+)=I)(x^+). (4.37) 

Besides restricting the moduli of the algebraic curve, the reality condition ()2.1(')j) also 
imposes constraints on the dynamical divisor 7(0", r). The reality condition ()2.16|) on Q{x) 
reads in components 

V{x) = A(x), C{x) = -B(x). 

Using these relations the equation ()4.36|) characterising the dynamical divisor (and singular 
points) can be rewritten as 

C(xf^J = 0, A{f'ji) =V{xr^J, i = -oo,...,g 

where we have used the fact that the anti-holomorphic involution f defined in ()3.19p maps 
the point 7^ = (x^.,A(7j)) to f'ji = (xf^., A('r7j)) = ^x^., A(7j) But this last equation 



40 



expresses the fact that the image f7(cr, r) of the dynamical divisor along with the images 
f'yi,i = —CO, ... ,0 of the singular points are precisely the dual dynamical divisor and the 
singular points themselves by comparison with ()4.37|1 . i.e. 

f7((T,r) = 7+((T,r), ^7^ = 7^, 2 = -oo, ...,0. (4.38) 

Thus we conclude that the singular points all lie along the real axis, which as we already 
know accumulate at x = ±1, and the dual dynamical divisor 7"^(cr, r) is nothing but the 
reflection f'j{a, r) of the dynamical divisor 7 (a, r) through the real axis. 

4.5 Reality conditions 

We can describe the reality conditions ()4.38|) on the dynamical divisor more explicitly. By 
definition of the dual dynamical divisor we know that 7(0,0) ■ 7"^(0,0) ~ Z ■ (00 ~*")^ where 
Z = [fl) is the canonical class and so 

7(a, r) ■ (f7(a, r)) ~ 7(0, 0) • (f7(0, 0)) ~ 7 " (^7) • (oo-)-^ ~ Z ■ (00+)^, 

where the first equivalence follows from the fact that kZ^hz}ipiipt is meromorphic or equiv- 
alently from equations ()4.18p and ()4.33p which together imply 

^(7(a, r)) + A(f7(or, r)) = ^(7(0, 0)) + A(f7(0, 0)), (4.39) 

and then invoking Abel's theorem. Now to obtain the induced action of the anti-holomorphic 
involution f on the Jacobian J(S) consider a positive divisor D = Pi . . . Pg oi degree deg D = 
g, then 

A{tD) = 2tt^ uj = 2n^j f*a; = -27r^/ uj = -A{D). 

It follows then from ()4.39|1 that the dynamical divisor 7(0", r) corresponding to real solutions 
evolves such that 

2 Im A(7(fT, r)) = 2 Im ^(7(0, 0)) = A{Z ■ (00+)^). 

In other words, the dynamical divisor 7(0", r) corresponding to real solutions is constrained 
to move on the real (^-dimensional sub-torus of the complex ^f- dimensional Jacobian J(S) 
defined by 

T^^ = {XgJ(S) I 2Im X = A(Z- (cx)+)2)} C J(S). (4.40) 

The reality of the singular parts at x = ±1 of both dp and dq in ()3.9|) and ()4.1fij) following 
from the reality condition on the quasi-momentum ()2.17|) implies that (using also the fact 
that the local parameter x is such that f*x = x, by definition of f) 

f*dp = dp, f*dq = dq. 



41 



because a normalised (vanishing a-periods) Abelian differential is uniquely specified by its 
singular parts. It follows from this and ()3.20|) that fc, G since 



(4.41) 



Therefore we find again that once the initial divisor 7(0,0), which is part of the algebro- 
geometric data, is chosen to live on T^, the dynamical divisor 7(0", r) is constrained to move 
on the (yf-dimensional real sub-torus C </(S). Thus the restriction on the algebro-geometric 
data corresponding to real solutions can be summarised as 

A(7(0,0)) e T^^. (4.42) 

Moreover, the reality condition = —j± has the effect of reducing the C* action on the 
space of complexified solutions Sc discussed at the end of section lOl to a U{l)ji action on 
the space of real solutions S^. This yields the simple reality condition 6q G M/2'7rZ on the 
6q component of the extended algebro-geometric data. Furthermore, the (7-dimensional real 
sub-torus ()4.42|1 of J(S) can be parametrised by the g component vector = {9i, . . . ,9g) 
defined for every point X E hj 

6> = X + 6>o, 

which can be made real provided we choose — ^ T^, so we set for instance 

0o = -^A(Z-(oo+)2). (4.43) 

Through these coordinates the sub-torus C J(S) is identified with the real torus M^/27rZ^ 
which 6 takes values in. 

Conversely we now show that if the algebro-geomtric data is real so that the initial divisor 
satisfies f7(0,0) = 7"'"(0,0) then the current j given by the reconstruction formula ()4.24|1 is 
real, i.e. j'' = —j. Since 'r7(0, 0) = 7'^(0, 0) we have 7^7 ~ 7+ and so we choose the form Q 
such that equality actually holds, namely 7^7 = 7+. Now consider the functions 



MP, a, r) = ^+(P, a, r) /^,(fP, a, r). 

These are meromorphic functions with at most g poles and hence are constant by the 
Riemann-Roch theorem. These constants are all fixed by the normalisation conditions ()4.3ip 
to be equal to 1 since fi{oo~^,a,T) = 1 and so we obtain the following reality condition on 
the Baker- Akhiezer vector 

tl^irP, (T, t)^ = '0^(P, (T, r). (4.44) 
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Now using the dual Baker- Akhiezer vector to construct the inverse matrix a, r) ^ it can 
be written as follows 



T 



where x(-P) = is meromorphic with zeroes at 7 and and poles at the 2g + 2 branch 
points which we denote by the divisor B, i.e. 

Using the reality condition on the algebraic curve S we can split the divisor B of branch 
points into two divisors S+, B_ such that 

B = B+-B_, B+ = tB_. 

Thus we can write the meromorphic function x as a product x = X+X- of two meromorphic 
functions x± with respective divisors 

{x+)=i-B-\ {x-)=l^-Bz\ 



and which are therefore related by x+(-P) = X-i^'P)- The reconstructed current ()4.24|) now 
takes the form 



j+((T,r) =m+ (^0 diag )) ^3 diag )) ^ 

j_(a,r) =m_ (^$0 diag (x+(l+), (^3 diag X-(r )) , 



y ' 

(4.45) 



where \l'(j", are the leading terms in the expansion of {x^Y- , ip~^{x near x = ±1 

just as ^^0; "^0 were the leading terms for \E'(x, cr, r) in the expansion ()4.19|) . Using the reality 
condition ()4.44|) on the Baker- Akiezer vector we find \E'|| = \E'q, = $q and since also 

diag {x-{l^),x-{n) =dmg{x+{l^),X+iny , 

it follows from the reconstruction formulae written in the form ()4.45j) that the reconstructed 
currents are anti-hermitian j'^ = —j±, i.e. j± G su(2). Now with the extra reality condi- 
tion ^0 £ M/27rZ = 5*^ on the extension of the algebro-geometric data, the reconstruction 
formula ()4.24j) is also easily checked to give an anti-hermitian current so that j± G 5u(2). It 
therefore follows that as a result of imposing the reality conditions, the reconstructed field g 
in ()4.27j) becomes 5'f/(2)-valued, and in particular, the original fields Xi, . . . ,^4 describing 
the embedding of the string into the C part of the target space are real valued as 
required. 
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To summarise the discussion of reality conditions, the real algebro-geometric data which 
gives rise to real solutions through the geometric map ()4.28|) can be identified with a sub- 
bundle A^K 
I4.2| namely 



Mm^^ X S-^ of the extended bundle Mr = M)r^' x C* introduced in section 



(29) 



(25) 



(4.46) 



where £]k is the real part of the leaf C parametrised by real values of the filling fractions 
()3.13|) . The restriction Qt^ = QImr of the geometric map ()4.28|) to the real bundle M.^ C Aic 
is an injective map from real algebro-geometric data to real solutions in S^, 



Mi 



■ScCM', 



M, 



■SkCM'j 



4.6 Periodicity conditions 

Since the configuration of a finite-gap solution is specified by the position of the point 
^(7(0", r)) G on the Jacobian of S, a necessary condition for the solution to be periodic 
is that the motion of this point be periodic on J(S). But by ()4.18|1 we know that ^(7(0", r)) 
moves linearly on J(S) in both a and r so that periodic motion under a ^ a + 2tc or 
T ^ T + T can occur respectively only when the following conditions are met 

2'nk = 2nn + 2nllm, n,m E Z^, 

(4.47) 

Tw = 2nn' + 2nllm', n', m' G Z^. ^ ^ 

Combining these periodicity conditions with the reality conditions ()4.4H1 on the vectors k 
and w as well as the fact that the components of 11 are pure imaginary we see that the 
motion is periodic under a — a + 2-7? and r — r + T respectively when 

k G 

T (4.48) 

—w ElJ>. 

27r 

Note that the a-periodicity condition is precisely equivalent to the integrality of the 6-period 
of the differential d'p in ()3.6|) . 

However these conditions are not sufficient. If we look at the explicit reconstruction 
formula ()4.25|1 for j-t we find that the periodicity in a ^ a + 27r and r ^ r -|- T of the 
similarity transformation corresponding to the factor of the algebro-geometric data M^ 
requires also that the S^+i-period of the differentials dj) and dq be integer valued respectively, 
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/vr 



oo 



(4.49) 



To show that the conditions ()4.48p and ()4.49p are sufficient to ensure periodicity of the 
reconstructed j{a, r) we note from ()4.13|1 and using the property ()4.14|1 of 6'-functions that 

i/'(P, cr + 27r, r) = exp I z J dp^ ip{P,a,T), 
V(P,a,r + T) =exp|^ j ^dq^i^iP.a.r). 

Since the exponent in these expressions are (a, r)-independent it follows that the matrix 
\E'(x,cr, r) = {il){P^ ,a,T),il}{P~ ,a,T)) gets multiplied on the right by a (a, r)-independent 
diagonal matrix under a ^ cr + 27r or r — » r + T, and hence ()4.24|1 is indeed periodic 

j±{x, a + 2tc, t) = a, r), 
j± (x, a,T + T) = j± (x, a, r) . 

But periodicity of the current j = —g^^dg, although necessary, is not sufficient to ensure 
periodicity of the original field g. The extra condition necessary for periodicity of g{a, r) in 
a can be obtained as follows. Starting from the formula ()4.27|1 for the reconstruction of g 



g{a,T) = Ul ■ Pexp / j, 

'(a,r) 



we compare this expression to the same expression translated by a ^ a + 27r, namely 

g{a + 27r, t) = Ul ■ Pexp / j. 

J{c7+2tt,t) 

Its inverse is given by g^^{a + 27r, r) = ^Pexp j j . jj-^ gQ ^^j^at 

/'(f7+27r,r) 

g'^{a + 2-n, T)g{a, r) = Pexp / j = Q{0, a, r). 

J(a.T) 



The last equality comes from the definition of the monodromy matrix ()2.4|1 . Periodicity of 
g{a, t) under cr ^ a + 27r is therefore guaranteed provided 

fi(0,a,r) = 1. 
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This condition however is equivalent to the condition that p{0) = 2Txm G 27rZ or stated as a 
condition on a certain period of dp, as for the other periodicity conditions ()4.48|) and ()4.49p 

1 f^^ 

— dpeZ. (4.50) 
2vr ioo+ 

Therefore if the real geometric map is restricted to a sub-bundle of the algebro- 
geometric data A^m corresponding to data satisfying the periodicity conditions fl4.48|l . ()4.49j) 
and ()4.5()j) then its image will consist of real periodic solutions and the corresponding recon- 
structed field g{<J,T) will be S'f/(2)-valued and a-periodic, as required. 



4.7 String motion as rigid, linear motion on a torus 

The reconstructed solutions described in the previous sections have the important property 
that all dependence on the worldsheet coordinates a and r is contained in the linear evolution 
()4.29|1 of the Jacobian coordinates ^(cr, r) and of the U{l)n coordinate 9{a,T), 

jia,T)=j[eia,r),9ia,r)]. 

For real solutions, 6 and each component 6i of 6 are real and have period 27r. Together 
these angular variables parametrise a torus = x in AiR. It is convenient to 
consider a slightly different choice of basis cycles on by defining new angular coordinates, 
0= (v^i, . . .,(Pk) via, 

^j = 9^-e for I = i = l,...,g = K -1, = -O- (4.51) 

In these variables, the linear evolution takes the very simple form 

ipj{a,T) = ipj{0,0) -nja -vjT (4.52) 

where, 

/ dp = 27m/, / dq = 2'kvi. (4.53) 
Jbi Jbi 

At fixed r, the linear evolution ()4.52|1 corresponds to a configuration of a wrapped string 
on the real torus . Any finite gap solution is effectively described by a motion of this 
string on which has the following features: 



• The string wraps a non-contractible cycle on the torus. Representing as M.^ /2ti'L^ 

the cycle corresponds to the lattice vector —n where n = (ni, . . . , Uk)- In other words, 

the winding numbers of the string around the fundamental cycles on are determined 
by the mode numbers rij of the finite-gap solution. 
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• The resulting time evolution corresponds to rigid, linear motion of the wrapped string 
on with constant velocity vector —v where v = {vi, . . . , vk)- 

• The filling fractions S = {Si, . . . ,Sk) play the role of conjugate momenta to the 
string coordinates = {(fi, . . . ,ipK) (this point will be made more precise in the 
next subsection). In particular, from ()H.17j) . the momentum constraint V = implies 
S ■ n = which means that the momentum carried by the string is perpendicular to 
the line on which it lies at fixed r. 

The features described above can be summarised by saying that the motion resembles that 
of an infinitely rigid string moving freely on the torus with winding numbers determined 
by the mode numbers of the finite-gap solution and momenta determined by the filling 
fractions. 

4.8 The Hamiltonian description 

In this final subsection we will show that the a, t evolution of the string described above 
admits a simple Hamiltonian description in terms of a finite dimensional integrable system 
with the moduli space M.^^^ as its phase space. As reviewed in Appendix|Bl the construction 
of jlSI provides a natural symplectic form on M.^^^ ■ In terms of the coordinates {Si, 6i} this 
takes the form, 

9 

U2g = ^ 6SiA 69^ 
1=1 

where 6 denotes the exterior derivative on the moduli space. The symplectic form defines a 
Poisson bracket for the coordinates, 

{Si, Sj} = {9i, 9j} = 0, {Si, 9j} = 5ij. 

With the above Poisson bracket any function of the conserved quantities {Si} generates a 
linear fiow on the Jacobian. To define the appropriate evolution, we consider the functionals, 

^ = -^^ dcrtT[joji], 

These quantities are the Noether charges for rigid translations of the worldsheet coordinates a 
and r respectively. They are manifestly independent of a and their independence of r follows 
from the corresponding conservation laws for energy and momentum on the worldsheet. As 
V and S are uniquely determined by the time independent data (S, dp) they correspond to 
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well-defined functions on the leaf L which forms the base of the fibration M.^^\ Explicitly, 
we define the corresponding Hamiltonian functions, 

H„ = V[Sl, . . . ,Sg], 
Hr = S[Si, . . . , Sg\. 

We will now consider the linear flows on A1^^^ generated by these functions with parameters 
cr and r respectively. The corresponding Hamilton equations are, 

da dSi' dr dSi ^ ' ' 

The variations of V and £ along the leaf C were given in section ^?]\ (see also Appendix IH]). 
In particular, the equations ()3.15|1 imply, 

dV __ 98 __ 

where, as before. 

If If 

ki = — / dp, Wi = — / dq. 

Integrating ()4.54|) we immediately obtain the linear flow, 

ei{a,T) =9,(0,0) -kia-LO.T (4.55) 

which is equivalent to the first equality in ()4.29|) . 

To obtain the physical phase space of the model we must impose the remaining constraint 
V = and then identifying points related by translations of the worldsheet coordinate a. The 
combined effect of these steps can be described as a symplectic reduction of the integrable 
system {A4^^\u2g). Specifically we work with the moment map, 

K g 

H = H^ = - = - ^kiSi - — (L - R) 

1=1 1=1 

where we have used ()3.17|) . We impose the constraint /i = and at the same time gauge the 
corresponding linear flow, 

' d 



1=1 

((29) A ^T.„o„ A^(29-2) 



which defines a U{1) action on A^J^ . A reduced phase-space A^jj with symplectic form 
0J2g-2 can then be defined using standard symplectic reduction. 



fx'\0Y ^ — -Ai(2,) 



M 



(23-2) 
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where i is the inclusion of /i^^(O) in vr is a projection onto the base of the 

corresponding principal U{1) bundle. More precisely, the resulting quotient is well-defined 
everywhere except at the degenerate point where Si = for all i, which is a fixed point of 
the U{1) action. 

As mentioned in the Introduction, the striking feature of the Hamiltonian description 
given above, is that the canonically normalised action variables are the filling fractions Si, 
defined in ()H.12j) . A leading-order semiclassical treatment of the model would therefore yield 
a quantisation of the filling fractions in integer units. 

So far we have only discussed the Hamiltonian evolution of the coordinates on the reduced 
moduli space J^^^^ corresponding to linear motion of the Jacobian angles 6i. However, the 
reconstructed solution also has additional dependence on a and r which originates to linear 
evolution of the U{1)r angle 6. To obtain a more complete Hamiltonian description we 
should consider an enlarged phase space with two additional dimensions. In particular, 
the extra coordinate 6 corresponds to a global f/(l)R rotation and is therefore canonically 
conjugate to the conserved Noether charge R define above. Thus we should allow R to vary 
and include it as one of the moduli of the solution. In particular we should then consider a 
fibration whose base is the moduli space of admissible pairs (S, dp) without fixing the value 
of R. The corresponding leaf C in the universal moduli space would have dimension g + 1 and 
the resulting moduli space of dimension 2g + 2 would be a x C* fibration of C. Although 
we will not pursue this idea here we note in passing that the full a, t evolution of the finite 
gap solution as given in ()4.52p can easily be reproduced by considering the Hamiltonians 
V, S defined above as functions of the K = g + 1 filling fractions Sj and working with the 
symplectic form, 

K 
1=1 

Finally we note that the additional a, r dependence of the solution originating from the 
angle 9 can be eliminated by working in an appropriate reference frame. Specifically, we can 
define new coordinates on the target S^ ~ SU (2) by setting g = gh E SU (2) with, 

where, as above, 

dQ{a, t) = — {adp + rdq) , 

ZTT 

with a corresponding right-current, 

j = —gdg = h^^jh — h^^dh 
which satisfy the equations of motion, 

dj - 3 Aj = 0, V *j = d*j - [h-^dh, *j] = 0. 
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The new coordinates correspond to a frame which undergoes the same constant SU {2)r 
rotation as the string itself at each point along its length. This is analogous to the body- 
fixed reference frame used in the standard analysis of a rigid rotation body. The particular 
merit of this frame is that, in these coordinates, the a, r-dependence of the solution is purely 
contained in the internal variables 6; 

j{a,T) =ma,T)]. 

Thus, in this frame, the evolution of the finite-gap solution in the worldsheet coordinates is 
precisely equivalent to that of the integrable system on A^^^"* introduced above. 
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A The desingularised curve 

Since the matrix L{x, a, r) is 2 x 2 the equation for the curve S can be written more explicitly 

as 

S: =P2(xy + Po(x) = 0, (A.l) 

where Po{x),P2{x) are polynomials and the term linear in y is absent because the sum of 
the eigenvalues {p'{x), —p'{x)} of L{x,a,T) is zero. The discriminant for such a polynomial 
T,{x,y) in y is given by 

^(^) = -4^7^- (A.2) 

It expresses the square of the difference between the roots of the quadratic polynomial 
I^{x,y) in y. Now as argued in 011], to exclude unphysical branch points which arise from 
odd multiplicity zeroes of the discriminant ()A.2jl but retain the physical branch points which 
arise as simple poles of the discriminant ()A.2jl one should impose the condition 



P2(x)A(x) = (g(x)f , 

where Q{x) is some polynomial. This implies that —4Po{x) is a perfect square, and after 
performing the birational transformation y \—* y' = the equation (jA.lll for the curve S 
turns into the following standard form for a hyperelliptic curve 

which was the curve considered in 
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B The moduli space 



In this appendix we begin by reviewing the construction of Krichever and Phong described 
in A point in the universal moduh space U is specified by a smooth Riemann surface 
Tiu of genus g with N punctures Pq,, together with an ?7.a-jet [wQ,]n„ at each puncture. For 
any positive integer G Z, an ria-jet is an equivalence class of local coordinates, Wa, on 
T^u defined near the puncture Pq, at Wq, = 0. The equivalence relation is such that two local 
coordinates Wa and Wa are equivalent if and only if, Wa = Wa + 0(w^°"*"^). 

In addition, the Riemann surface Y^u is equipped with two meromorphic Abelian integrals 
E and Q with the following specified behaviour near the punctures Pq,, 

E = W-"" +Ce + R^ logWc, + 0{Wa) 

dE = d{w---+Oiw^))+R^^ 

Wa 

rria 

Q = + CQ + R2 logw, + 0(w„) 



k=l 



dWn 



/ 

The universal moduli space is parametrised by the data described above, 

U = {Sw, Pa, [Wa]nc.;E, Q} . 

Its complex dimension is given as. 



N 

dimcW = 5g -3 + 3N + [ma + n n 

a=l 



Krichever and Phong introduce a convenient set of holomorphic coordinates on U. These 
include the independent residues of the meromorphic differentials dE, dQ and QdE. These 
are labeled as, 

Pf = Resp, dE, r2 = Resp, dQ, T^a = Resp, {QdE) , 
ioi a = 2, . . . , N . They also include the additional residues, 

T„,fc = Resp, [wlQdE) , 
for k = 1, . . . , rric, + Ua and a = 1, . . . ,N. The remaining coordinates are the periods of 
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meromorphic differentials around canonical basis cycles and hi, for z = 1, . . . , (7, 




Krichever and Phong prove that the 5(7 — 3 + 3A^ + X]o=i('^a + ^q) functions, 

{i?f , -R^, Tafi, Ta^k, Ta^,E, Tb,,E, 'Tai,Q, Tbi,Q, Si] 

have linearly independent differentials and therefore define a local holomorphic coordinate 
system for lA. It follows that the joint level sets of the coordinates, 

, R^, Tafl, Ta,k, Ta^,E, U^E, Ta^Q, U^q} 

define a smooth (7- dimensional foliation of U independent of the choices made in defining 
the coordinates. The remaining variables {sj} are holomorphic coordinates on a leaf of this 
foliation. 

We can now analyse the space of holomorphic data for finite-gap solutions as a special 
case of the construction described above. In the present case, the curve J2u will be identified 
with the spectral curve S of genus g = K — 1. The Abelian integrals E and Q will be 
identified with the quasi-momentum p{P) and an, as yet unspecified, function z{P) on S. 
We know that p{P) has only simple poles at 1)^} and no other singularities. We 

will choose z{P) to have only simple poles at the points {cxd^*", 0^} and no other singularities. 
Thus we are interested in the N = 8 case of the construction described above, where = 1, 
TJia = at the first four punctures, and Ha = 0, rria = 1 at the second four. In this case the 
universal moduli space has dimension 5g + 29 = 5K + 24 

To make contact with the construction of Krichever and Phong we must start by assuming 
nothing about S, p{P) and z{P) other than the existence of eight punctures on E and the 
behaviour of p{P) and z{P) near the punctures implied by (jB.lll with the identifications 
E = p, Q = z for the specific values of Ua and rria given above. In particular we do not 
assume that S is hyperelliptic. To properly define the moduli space we must identify each 
of the constraints which are imposed on E, p{P) in the text as a level set condition on the 
holomorphic coordinates on U. These conditions are, 

• The only singularities of p{P) are simple poles at {(+1)^, (—1)^} and the singular 
behaviour near these points is given in ()3.9|) . The residues are absorbed in the definition 
of the local coordinates Wa at these points. The absence of simple poles for dp implies 
that = for all a. This yields seven level set conditions. 
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• The a- and 6-periods of dp are given in ()3.6|) . These imphes that t^.^^; = and 
'Tbi,E = 27rnj for i = 1, . . . , (7: a total of 2g level set conditions. 

We will also introduce additional level-set conditions by choosing appropriate properties 
for the second Abelian integral z{P). These conditions will be sufficiently restrictive to allow 
us to reconstruct z{P) explicitly. In particular, 

• The only singularities of z{P) are simple poles at the points {00^, 0^}. The absence 
of simple poles in dz implies = for all a. Thus we have a further seven level set 
conditions. 

• We will choose the a- and 6-periods of dz to vanish implying that Ta^^q = Tb^^q = 0. 
This yields 2g level set conditions. 

• The behaviour of the differential QdE = zdp near each of the eight singular points 
yields sixteen constraints on the remaining coordinates which we choose to be as fol- 
lows, 





00^ 


0± 


+1± 


-1± 


^0,0 


^A 


AttL 








Ta,l 








-2 


+2 



At this point we have imposed a total of 4(yf + 29 = AK + 25 level set conditions on the 
+ = 5K + 24: coordinates, thus defining a subspace of the required dimension g = K — 1. 
It remains to show that these conditions uniquely fix the second Abelian integral z{P) and 
that there are no other constraints on the data. In particular, the only additional constraint 
placed on the curve in the text was that it take the hyperelliptic form ()3.4|) . For consistency, 
it is therefore necessary that this condition is not independent but is actually a consequence 
of the other level-set constraints described above. 

The hyperelliptic condition is equivalent to demanding the existence of a well-defined 
function on S with exactly two simple poles and no other singularities. To demonstrate the 
existence of such a function we use the following facts, 

1 The condition Ta^^q = u.^q = 0, together with = implies that dz has vanishing 
periods and residues on E. Therefore the Abelian integral z{P) is actually a well- 
defined function on S. 

2 The values of the integers at the punctures Pa imply that z{P) has simple poles 
at the four points {00='', 0^} and no other singularities on S. Thus z{P) is a function 
of degree four, deg z = 4, which takes each complex value exactly four times on S 
counting multiplicities. 



53 



3 The values of the integers ria at the punctures imply that the meromorphic differential 
dp has double poles at each of the four points {(+!)='', (—1)=''}. By definition of the 
local coordinates Wa we have dp ~ — near each of these points. 

4 The vanishing of the coordinates q at the four points {(+!)='', (—1)=''} implies that the 
differential zdp has zero residues at these points. Given 3, this means that the functions 
z{P) — z{Pa) must have at least a double zero at each of these points. Equivalently dz 
vanishes at each of these points. 

5 The values T^^i = —2 at the points (+1)^ and T^ i = +2 at the points (—1)^ imply 
that z{P) attains the value +2 at the first two points and attains —2 at the second 
two points. 

We are now ready to define the required function as, 

x{P) = i (^(P) + ^z{Py - 4) (B.2) 

This is not obviously single-valued function on S because of the apparent branch points at 
the zeros of the function f{P) = z^{P) — 4. More precisely, simple zeros of f{P) (or more 
generally zeros of odd order) give rise to branch-points of x{P). In contrast, double zeros of 
f{P) do not give rise to branch points. To show that x{P) is a well-defined function on S, 
we will now demonstrate that f{P) has only double zeros. From 2 we know that z{P) has 
degree four and hence that f{P) has degree eight. Thus f{P) has eight zeros on E counting 
multiplicities. From 5, f{P) vanishes at each of the four points (—1)^} and from 

4 these are at least double zeros. As / has order eight these can be at most double zeros. 
Thus f{P) has exactly four double zeros at the points {(+1)^, (-1)^}. It follows that x{P) 
is well defined on S. Inverting ()B.2|) we obtain, 

z{P) = x{P) + ^ (B.3) 

As x{P) is a well-defined function it must have a definite degrees deg x. Hence x{P) attains 
the values and 00 exactly deg x times. The relation ()B.3|1 implies that 4 = deg z = 2deg x. 
It follows that x{P) is a well-defined function on S of degree two with exactly two simple 
poles at the points {00^}. Thus we deduce that S is hyperelliptic and can be put in 
the form ()3.4j) . As a byproduct the second Abelian integral is then uniquely determined 
by the formula ()B.3|) . For completeness, one may then check that this formula for z{P) 
automatically reproduces all the properties of z{P) listed above which are used to define the 
leaf C. 

As discussed in the text, the full moduli space we consider, denoted A4q^\ is the Jacobian 
fibration over the leaf C 

J(S) ^ TWg^^ ^ C. (B.4) 
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We can express the coordinates on L as periods of the differential, 

Arc 

In particular, it is convenient to use rescaled coordinates, 

bi = Si = / a. (-D.5) 

27ri Att 2iTi J„ ^ ' 

The coordinates on the fibre 6 = {6i, . . . ,6g) are defined as the image of the divisor 7 under 
the Abel map, 

e = 27i} iv + Oo (B.6) 



00 "t 



where 6q is the constant vector defined in ()4.43|) . and u: is the vector of the basis holomorphic 
differentials {uJi}f^i on S with normalisation uoj = 6ij. 

Following Krichever and Phong we can define a symplectic form uj2g on the moduli space 



A^j.^ . For this it is useful to first consider the universal curve bundle Af over the leaf C 



,(29) 



whose fibre above every point of the base C is the corresponding curve S. As already 
mentioned, the {si}f^i form a set of coordinates on the base C, and z may be taken as a 
coordinate on the fibre, so that 6z and where 6 denotes the exterior derivative on 

the total space A/", form a basis of differentials at every point of A/". In this basis, the total 
exterior derivative of any function / on A/" can be separated as 

4 = 1 

where denotes the exterior derivative along the leaf C Note that Sz = dz and Ssi = S^Si. 
The differential pdz on S, as in fact any differential on S, can be extended to a differential 
on A/" by setting it to zero along Ssi. Consider now the differential S{pdz) on Af 

9 

6{pdz) = '^6si A dsXpdz). 

i=l 

The key observation is that, while the differential pdz is neither single- valued nor holomor- 
phic on E, the ambiguities in its definition as well as its pole parts are constant along the leaf 
C Therefore dsXpdz) is holomorphic on S and can be expanded in the basis of holomorphic 
differentials {uji}l^^ of S 

9 



55 



The constants aij can be computed easily 

aik = X^ttii / = dsXpdz) = ds, pdz = -ds, a = -ds.Sk = -6ik, 

where in the fourth equahty we use the fact that p is the Abehan integral of the normalised 
differential dp. So in fact we have dsiipdz) = —Ui. As a result, the differential 6{pdz) takes 
the simple form 

9 

6{pdz) = -^6si AuJi. (B.7) 

i=l 

Now since the Jacobian can be identified with the symmetric product / Sg of g copies 
of the curve S via the Abel map, the bundle TW^^'' can be naturally viewed as the symmetric 
product bundle 

whose fibre above every point of C is the g-i\i symmetric power of the curve E. The differ- 
ential 5{pdz) = 6p A dz on M can be used to define a symplecitc form uj2g on Af^ by the 
following expression, symmetric in the points 7^ G E, i = 1, . . . , 

"^^^ ^ 5^ ^^^^^^ ^ (^^(^i)- 

i=i 

To see how this also defines a symplectic form on the Jacobian bundle A^^^'' however requires 
a change of variable. Using ()B.7|) it can first of all be rewritten as 



9 / 9 

1=1 \i=l 

({29) 



symplectic form on M.^^^ with the help of the Abel map ()B.6|) . namely 



or using S to now denote the exterior derivative on we can rewrite U2g explicitly as a 

9 



UJ2g = SSi A 59 j 



1=1 



C Variations of S and V on the moduli space 

In this section we will prove the relations ()3.15p which describe the variations of the world- 
sheet momentum, V and energy S along the leaf C defined in the text. 
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On a smooth Riemann surface of genus g, we choose a canonical basis of one-cycles 
{ttj, &j}f=i and define a pairing of meromorphic differentials Qi and Q2 via the formula, 



(fii • ^2) = 5^ ( /" ^1 [ ^2- I I 

1=1 -Jh Jbi J ai 



(C.l) 



Let gi be an Abelian integral of fii, i.e. Vti = dgi. The Riemann bilinear identity states, 

(fii • ^2) = 2m Res [^l^]2] • (C.2) 

poles 

We will apply this identity on the spectral curve S with the identifications Qi = dp (thus 
gi = p) and ^2 = 6'-'{zdp). As in Appendix El and in the text, 6^ denotes a variation along 
the leaf C Using ()3.6p for the a- and 6-periods of dp and the definitions ()3.12p of the moduli 
Si, ()C.2|) becomes, 

27ii^= '^^ni5^Si = 2m Res \p5'~'{zdp)\ . 

i=l poles 

The non-zero residues of p6^{zdp) at the punctures are tabulated below. 





(+1)^ 


(-1)^ 


Residue 







Thus we obtain, 

9 rr 

^ mb'^Si = -^{k+S^k+ - K_S^K_) = (C.3) 

i=l 

as required. 

The second equality in ()3.15p is obtained by a similar application of the Riemann bilinear 
identity ()C.2|) with Qi = dq (thus gi = q) and ^2 = 5'~{zdp) as before. 



D Singular parts at x = ±1 

For any matrix A = n'^a'^ G su(2) one has det A = — {n^n^^ = — ^trA^. So the Virasoro 
constraint may be rewritten as 

detj± = 4. (D.l) 

The eigenvalues of are determined by det(/il — ^j±) = so since tr j-t = we have /i^ = 
— det(|j±) = — |det j± = —\i^±, using the Virasoro constraints (jP.ljl . and thus /i = or 



57 



In order to determine the singular parts at a; = ±1 consider the auxihary hnear problem 



3+ 



2\l-x l+x 



2 V 1 



3+ ^ 3 



tpix, cr, r) = 0, dr + 
We know from ()4.4|1 that -0 takes the following form near x = ±1 

/ oo 



l + x 



ip{x, cr, r) = 0. 

(D.2) 

^ ±1, 



where g^{x,a,T) = ^^^^'^^ is a singular part at x = ±1. Consider the point x = 1 first. 
Plugging this expression for i/j back into ()D.2|) and solving it to lowest order in (1 — s) we 
obtain 



V'o+(fT,r) = 0, 



{drgt)l + \3+ 



V>o+(fT,r) = 0. 



If tl>Q is to be non-zero, this means that —{d„g^) = —(drQi ) is an eigenvalue of (with 
corresponding eigenvector iI^q). Hence (dagi) = iprgt) = where the sign is different 

on both sheets, and in accordance with the implicit choice taken in deriving equation ()2.8j] 
one should take the positive eigenvalue on the physical sheet. Doing the same thing for the 
point X = —1 and working to lowest order in (l+x) yields 



(dagi )1 - -3- 



{d^g-)l + -j_ 



(a, r) = 0, 



so that {dagi ) = —{drgi ) = ±f where again the sign is different on both sheets and 
should be positive on the physical sheet. 

We make the choice of normalising the singular part of the eigenvector il){x, a, r) by the 
following initial condition on g^ (x, a, r) 

(7±(x,0,0) =0. 

This can be achieved simply by normalising the solution '0(x,(T, r) to the auxiliary linear 
problem by a function of P G S independent of a and r. Integrating up the equations for 
gf with these initial conditions yields the following singular parts at x = +1 and x = — 1 
respectively 



(D.3) 




2 x + 1 
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E Motion of the dynamical divisor 



The dynamical divisor 7(0", r) = YVi^i 7i(c"; t) is the divisor of zeroes of the Baker- Akhiezer 
function (p{P, cr, r) introduced in section I^^Tl To determine its equations of motion on E we 
follow and consider the functions and on S. These functions are meromorphic 
with g poles at {7,(0", r)}f^]^ and 4 further poles at the points on S above x = ±1 with the 
residues 

V'" + 0(1). 

— ~,Tf4T + 0(l) (E.1) 

drip .d„ip 
and ~ ± 

which follow from the behaviour ()4.6|) of ip at the essential singularities x = ±1. By the 
Riemann-Roch theorem the space of functions with g+A prescribed poles and with prescribed 
residues at four of these poles, as in (jE.lll . is 1 dimensional. The functions being 

meromorphic on the algebraic curve S : = n^=T^('^ ~ ^i) they can be written as rational 
functions in the variables x and y. 

The most general rational function with poles at {7j(cr, t)}^^^ and a: = ±1 is 

f{x,a,T)y + h{x,a,T) 

h x, (J, r) = 

^ ^ {x-l){x + l)B{x) 

where deg/ = 1 and deg/i = g + 2. First note that it is regular as x ^ 00 (since y ~ x^^^) 
so that X = 00 isn't a pole of the function, as required. Now at x = ±1 there are poles on 
both sheets with opposite residues (jE.lj) . which imposes the two conditions /i(±l) = on 
yielding 

h{x, a, r) = g(x, a, r) - a, r) — g(-l, a, r)- 



25(1) ^ ^ -2fi(-l) 

where degg = g. The requirement that the function has poles at the points 7^ = (x^.,|/^J 
but no pole at {x^^,—y^.) imposes the extra g conditions g(x^.,cr, r) = /(x^J?/^. on q so 
that h now only contains a single undetermined constant. The asymptotic behaviour of the 
function as x — > ±1 is 

/(+l)y(+l) . 
F(x, a, r) ~ — , ^(a;, a, r) 



*+i25(l)(x- 1) i-25(-l)(x + l) 

where y{x) is to be understood as a multivalued function taking different values on both 
sheets. The remaining linear function / is determined by fixing the residues at the poles 
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X 



±1. Thus for the function we have 



. ^(l)(x + l) , . 

Ja{X, a, T) = —IK h IK- 



2l/+i -2y-i 
and for the function we have 



Bii)ix + i) Bi-i)ix - r 



where y+i and y_i are the values of ?/(+!) and ?/( — 1) on the sheet corresponding to p{x). 

To determine the equation of motion for the zeroes of we note that since the zeroes 
are simple zeroes one has a, r) ~ (x — cr, r), where "^(x^.) 7^ 0, which implies 

the following asymptotic behaviour near the points 7^ 

_ _^^,rX^. +0(1) 

where P G S and x = 7r(P). But from above we also have 

da,T^ 2f„^r{x^Jy^^ 1 



ip (X^, + 1)(X^, - 1) njyi(a;7. - -7,; - -7. 



0(1), 



and comparing the residue of the pole at 7, in the above two expressions we obtain 



X 



7j. 



^ ^ 2/^(x^-)y-^^ 

(x^^ + l)(x^. — 1) rijyj(-^7i ~ •^7j) 

Suppose we now continuously deform the solution by bringing the branch points X2g+i 
and X2g+2 together into a single point. Then by the end of the process the curve S acquires a 
singular point at X23+1 = X23+2 and has genus one less, namely y"^ = (x — X2g+i)^ 11^=1 (^~^«) • 
We know that as a result of shrinking the cut [X23+1, X2g+2] to a singular point, one of the 
points of the dynamical divisor 7(0", r), say 7^(0", r), should cease to be dynamical. The 
equations of motion of x^^ then imply that once the cut is shrunk, 7^(0", r) should end up 
either at one of the remaining 2g branch points Xj of the singular curve or at the singular 
point X2g+i in order that da^rX-jg = 0. But unless 7g(cr, r) ends up at X2g+i, the equations of 
motion of the remaining x^- do not take the form ()E.2|) corresponding to a solution with a 
curve of genus g — l. The conclusion is that one should view singular points Xi,i = —00, ... ,0 
as 'trapped points' of the dynamical divisor. 
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